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Impact Element as a Dynamical Absorber
for a Duffing Oscillator
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Abstract — This paper analyzes the application of a
vibro-impact element as a dynamic absorber for a
Duffing oscillator. The Duffing oscillator is a nonlinear
oscillator, modeled here as a single-degree-of-freedom
system with a nonlinear spring. The complete system
consists of a body performing translational oscillatory
motion, a drive mechanism, a slider, a spring that
connects the oscillator to the slider, and a vibro-impact
element, in the form of the ball, that performs
translational motion with impacts. For comparison, the
response of the Duffing oscillator without the absorber
is also analyzed. The differential equations of motion of
both systems are derived using Lagrange’s equations of
the second kind, and solved numerically. The results
are presented in the form of amplitude—frequency
diagrams and time-displacement diagrams. It is shown
that the amplitude of the main body is reduced when it
is coupled with an impact element. The way in which
this is affected by the stiffness of the spring, that
connects the ball and Duffing oscillator, is presented.
For selected excitation frequencies the basins of
attraction of the ball are obtained. In this way, the set
of possible initial conditions for which the system
behaves like vibro-impact or purely oscillatory one, is
determined.
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1. Introduction

Since machines were first developed and used,
especially those powered by motors, vibration has
been an unavoidable phenomenon. In order to
understand and control vibration, it has been studied
for many decades. This is particularly challenging in
the case of nonlinear vibrations [1], [2]. A typical
example of a nonlinear system is the Duffing
oscillator. Different forms of the Duffing oscillator
and their behavior under various conditions are
presented by [3]. Over the time, new insights into the
behavior of such an oscillator were obtained through
both analytical and numerical analysis [4], [5]. This
led to developing of different variants of methods,
for both cases and for different nature of parameters,
such as excitation type [6], [7].

Since the vibrations of the Duffing oscillator
began to be analyzed, many studies have been
conducted on different ways of attenuating them. The
suppression of chaos in nonlinear oscillators using a
linear vibration absorber was analyzed by [8], and, as
a particular case, the suppression of chaos in a
Duffing oscillator was studied. Just as a linear
vibration absorber is used to attenuate the vibrations
of the Duffing oscillator, the use of a suspended
pendulum has also been analyzed [9]. A Duffing
vibration absorber can also be used to reduce the
vibrations of a Duffing oscillator [10]. This can be
done with a passive or active Duffing vibration
absorber. For an active vibration mitigation of a
Duffing oscillator, inerter damper can also be used
[11]. Impact dampers as vibration absorbers for
different systems, including nonlinear systems, have
been studied for many years [12]. The dynamical
behavior of an electromechanical system with an
impact element was studied by [13]. In their study,
the role of the impact element was to attenuate the
vibration of the main system, which was modeled as
a Duffing oscillator.

An optimization analysis of vibro-impact damper
parameters was conducted by [14], using standard
MATLAB tools, and different sets of parameters
were obtained. A vibro-impact element has also been
analyzed as a nonlinear energy sink in the context of
targeted energy transfer [15].
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The optimization mechanism was studied under
periodic and transient excitation. The dynamical
behavior of an impact damper as a vibration absorber
for a non-ideal system with a limited power supply
was studied by [16]. During the impact between the
impact element and the main system, different impact
models can be applied. The effect of collision
modeling on absorber efficiency was analyzed by
[17]. They considered the Hooke—Newton, Hertz and
Hunt—Crossley impact models and compared the
system behavior in these cases. The effect of gravity
and friction on the dynamics of an inclined vibro-
impact nonlinear energy sink was addressed by [18].
The system considered was a linear oscillator
coupled to a vibro-impact element acting as a
nonlinear energy sink, and it was shown that the
gravitational effect can be exploited in the design of
the vibro-impact energy sink in order to improve its
damping performance.

Impact dampers are widely applied and analyzed
for the control of vibration in many industrial
machines, their components and tools. A vibro-
impact element as a nonlinear energy sink for chatter
mitigation in turning processes was analyzed by [19].
The behavior of the system was investigated using
asymptotic analysis, and an experimental procedure
was also carried out, showing a reduction in the
amplitude of the lathe tool. The application of vibro-
impact dampers for the attenuation of brake squeal
was analyzed by [20]. It was shown that audible
squeal can be reduced by vibro-impacts of small
masses embedded within the rotor.

When an impact element is added to the main
system, the whole system becomes a vibro-impact
system. Vibro-impact systems, as well as other
dynamical systems, can be subjected to ideal or non-
ideal excitation [21]. An important part of the
analysis of these systems is the phase when impacts
occur [22].

This analysis has become much easier due to
software developments that enable better numerical
simulations of such systems [23]. This paper presents
an analysis of the behavior of a Duffing oscillator
with an impact absorber.

The impact absorber is designed in the form of a
ball connected to the main body (oscillator) by a
spring. The impact element can perform translational
motion with impacts, through which a reduction in
the vibration amplitude of the main system is
expected. The aim is to determine the vibration
amplitudes of the main system with the absorber for
jump-up and jump-down excitation frequencies, and
to determine the initial conditions required for the
ball to perform a specific regime of motion, either
vibro-impact or purely oscillatory. The analysis is
conducted for the steady state of the system and
under ideal excitation.

The paper is divided into four sections. Section 2
describes the physical and mathematical models of
the systems analyzed. Section 3 presents the results
obtained by numerical analysis and the
corresponding  discussion. Section 4 provides
conclusions on the effect of the vibro-impact element
on the behavior of the Duffing oscillator.

2. Physical and Mathematical Models

The system analyzed in this paper consists of a
Duffing oscillator (the main body whose motion is
studied) and a vibro-impact element. To investigate
the mitigation of the main body’s vibration, a vibro-
impact element in the form of a ball is attached to the
oscillator by a spring, so that its impacts influence
the motion of the oscillator. The oscillator is
connected to a slider by a spring with a nonlinear
characteristic, and the slider is, in turn, connected to
a drive mechanism. The drive mechanism is driven
by an electric motor operating at constant frequency.
Since the motion of the system does not affect the
excitation, the excitation is considered ideal. In
addition to this system, a Duffing oscillator without a
vibro-impact damper is also analyzed.

2.1. Physical Models

Physical model of the system analyzed in this
paper is shown in Figure 1.

Figure 1. Physical model of Duffing oscillator with vibro-impact element
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Body A represents the oscillator with mass ma,
which is the main body whose vibrations are
supposed to be damped. On the oscillator, there is a
ball with mass mg, which is moving along and
together with it. Ball is connected to oscillator with
spring of stiffness ¢, and linear characteristics. The
motion of the ball consists of the oscillatory motion
and motion with impacts, that occur when the ball
hits the inner wall of body A. Oscillator is connected
to slider B with a spring which has nonlinear
characteristics. The length of an undeformed spring
is lo, the stiffness of spring is ¢ and its coefficient of
nonlinearity is B. Slider B has a mass mg and is
driven by the excitation of the electric motor whose
effect is transferred to drive mechanism, which
transmits the movement to the other parts of the
system. Drive mechanism consists of two rods, 0C
and CB. Rod CB has a length l,, mass m,, moment of
inertia Jo (with respect to the axis through C) and is
performing planar motion. Rod OC represents the
drive rod with mass mi, moment of inertia J; (with
respect to the axis through O) and a length |;. Drive
rod is driven by electric motor with ideal excitation
and is performing rotational motion.

Physical model of Duffing oscillator whose
analysis is also conducted is the same like the above
explained one, just without impact element on body
A

2.2. Mathematical Models

Equations of motion for the analyzed systems are
formed by the application of Lagrange equations of
type Il. In the case of oscillatory system, as the
system has one degree of freedom, only one
differential equation is formed. For the vibro-impact
system, two differential equations are formed.

2.2.1. Duffing Oscillator

Lagrange equation of type Il for the described
Duffing oscillator has a form:
d 0E, OE JE. 1
d 0B 9B _ 0K . (1)
dt 0x dx dx
where Ej and E, represent kinetic and potential
energy of the system, respectively, x is generalized
coordinate and Q, is generalized force. Kinetic
energy of the system represents the sum of Kinetic

energies of each individual body and can be written
as follows:

Ek :Ekp1+EkpZ+EkB+EkA (2)
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1,01 1,1,
E, = E/lﬁa + 5 M2Ve, +§]2(U2 +EmeB 3)
+EmA3‘CZ

where ¢ is the angular velocity of drive rod OC, v,

is velocity of the center of inertia of rod CB, w, is
the angular velocity of rod CB and xp is the
coordinate of slider B.

Function of the driving mechanism’s motion
f () is equivalent to the coordinate of slider, xz:

xg = f(p)
4)
_dxg _df(e) _dedf(e) _ . ()
8T 0 T T dt dt do =9/

From the relations that are shown in Figure 1, xp
can be written as:

2

1/1
xB=llcos<p+lz\]1+§(i) (cos29 —1) (5

= f(p)

Given that the system’s excitation is ideal, the
angular velocity ¢ is constant:

Q= 1, (6)
Therefore, it can be written for angle ¢:
¢ =J@dt=10t+ ¢ (7)
For the initial conditions applies:
®o =9(0) =0 (8)
then, it can be written:
Pp=0c-t= 0yt 9)
$=0

As the spring of the oscillator has a nonlinear
characteristics potential energy of the system has a
form:

1 B
— 2
Ep = EC(AZ) + Z
where Al represents the deformation of the spring
and can be expressed as:

Al=x—XB—lo—a=x—lo_a_f(§0) (11)

After substitution of (11) into (10), the relation of
potential energy of the system has a form:

By=5(x—lo—a-f)’
ot a- 1))’

The generalized force in this case is represented
through the linear form of viscous friction:

Qx = —bx

(12)

(13)

TEM Journal —Volume 15 / Number 3 / 2026.



TEM Journal. Volume 15, Issue 3, pages 2064-2077, ISSN 2217-8309, DOI: 10.18421/TEM153-01, August 2026.

After performing needed derivatives of equations
(3) and (12), substituting them and equation (13) into
(1), differential equation of motion of Duffing
oscillator has a form:

., b c B 3
x+m—Ax+m—Ax+m—A(x—lo—a—f(<p)) (14)
=il +ia+Lf()
my 0 my my ¢

2.2.2. Duffing Oscillator with Vibro-Impact Element

Compared to the Duffing oscillator, whose
mathematical model was obtained firstly, in this case,
the sum of the kinetic energies of the individual
bodies also includes the kinetic energy of the ball K,
so that the Kinetic energy of a system is:

101 1 1,
Ey = E]l(p t oMV, +§]2w2 toMeXs"  (15)
11
+EmAx +§meK

where xj is the generalized coordinate of ball K.
In this case, the potential energy of the system has
a form:

B
4
After defining the deformation Al of the spring

that connects body A and ball K, potential energy
becomes:

By=5(x—l—a=f(@)’
e tl—a-f@)* @

c
+31(xK—x—lK+a)2

(16)

1 1
B, = 5¢(4D? + 2 (AD* + 5 ¢ (Al

Determining needed derivatives of equations of
potential energy (17) and kinetic energy (15) for
coordinates x and xx and forms of generalized
forces, equations of motion of body A and ball K,
respectively, are defined as:

. b . c—¢q
X+—x+ X
my my
+£(x—l —a—f( ))3
"y 0 @ (18)
c
=— l
mA(f((P)"' 0ot a)
1
2, —a—
+mA(K a—xg)
bl Cl Cl (19)
.. by . b _ 4 I
xK+meK+meK mK(x+K a)

For given systems for which mathematical models
are mentioned above, numerical analysis is
performed, with the help of given equations of
motion through simulations in MATLAB. The
analysis is conducted for steady state of motion of
the systems.

TEM Journal —Volume 15 / Number 3 / 2026.

2.3. Model of the Impact

During the impact of the ball K with the body A,
the barrier is the inner wall of body A, as it is shown
in Figure 2.

X > __d.—_ i [
sztop >|

Figure 2. Position of the ball at the moment of impact

W

The coordinate of the ball can be written as:

=x+d (20)

XK stop

where d represents distance between the center of
the ball and coordinate x, at the moment of impact
and can be defined as:

(21)

where L is the length of body A and r is the
radius of the ball.

There are different cases when ball hits the
oscillator depending on intensities and directions of
velocities of them, both, before the impact, so that
different cases of directions of velocities after the
impact, are possible. This can be determined in
different ways, depending on the used model of
impact [24].

Based on the principle of conservation of
momentum, it can be written:

(22)

g B4 |

where ¥4, Uy are the initial velocities and v, Uk
are final velocities of body A and ball K respectively.

In order to determine relations of velocities of
body A and ball K, four different possible cases will
be considered, as shown in Figure 3.

The first case is when both, body A and ball K,
are moving towards positive direction of x-axis
before an impact, and after the impact ball is moving
towards negative and oscillator towards positive
direction of x-axis. Based on Newton’s law of
restitution, coefficient of restitution for first case can
be expressed as:

mA'EA + mKﬁK = mA'EA + mKﬁI,(
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Figure 3. Directions of the velocities of bodies: a) case 1 and case 2 — before impact, b) case 1 and case 3 — after impact,
c) case 3 and case 4 — before impact, d) case 2 and case 4 — after impact

!

—Vg — Uy (23)

k=
Va — Vg
From the equation (23) velocities of the bodies
after an impact can be written as:

!

vy = —vg — k(vy —vg) (24)

vk = —vp — k(vy — vg) (25)

By projecting expression (22) onto x-axis, for the
case one, and combining it with equations (24) and
(25), velocity of body A and ball K, after an impact
become:

Table 1. System parameters

va(my — mgk) + mgvg(1 + k)

!

A= my + mg (26)
. vg(myk —mg) —myuv, (1 + k)
K my + mg 27)

Velocities of the bodies, after an impact, for the
other three cases are determined in the same way.
Values of the system parameters used in conducted
analysis are given in Table 1.

Iy 0.05 [m] mg 0.25 [ka]
l, 0.15 [m] mg 0.02 [ka]
ly 0.4 [m] c On? [N/m]
L 0.02 [m] o Tn? [N/m]
L 0.09 [m] b 0.6 [Ns/m]
r 0.005 [m] by 0.5 [Ns/m]
a 0.0375 [m] B 75 [N/m®]
my 0.4 [ka] k 0.6 [-]

3. Results and Discussion

Numerical analysis of the described systems is
performed with the help of MATLAB, by using
differential equations and conditions of impact,
obtained in previous section. The analysis was
performed for steady state of the systems motion.
Obtained results will be shown in the form of
amplitude-frequency diagrams and time displacement
diagrams.
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3.1. Effect of a Vibro-Impact Element on the Behavior of
Duffing Oscillator

Comparison of results obtained numerically for
Duffing oscillator with and without vibro-impact
element, is done with the aim of determining the
influence of impact element on the oscillator’s
behavior. For this purpose, there are amplitude-
frequency diagrams of body A of Duffing oscillator,
and body A of Duffing oscillator with vibro-impact
element, for jump-up and jump-down frequencies,
with labeled maximum displacement and natural
frequency of the body, shown in Figure 4.

TEM Journal —Volume 15 / Number 3 / 2026.
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Results obtained for jump-up and jump-down
frequencies are the same in the case of Duffing
oscillator.

When the Duffing oscillator is coupled with
vibro-impact element, the results are different. By
numerical analysis it is possible to determine stable
solutions, which are shown, on the mentioned
diagrams, with red circles for jump-up, and blue
circles for jump-down frequencies. The areas where
the amplitude-frequency curve is parted, represent
the areas of unstable solutions. Jumps that occur
during this, are labeled with green arrows (Figure 4-
a), 4-c)).
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As the analyzed Duffing oscillator has one degree
of freedom, on the amplitude-frequency diagram, one
maximum can be noticed, while the slight elevation
of the curve, on the left side from the maximum, is a
consequence of sine and cosine functions present in
differential equation of the system.

On the amplitude-frequency diagrams of Duffing
oscillator with an impact element, there are two
maxima, as the system has two degrees of freedom. It
can be noticed that body A has lower maximum
amplitude when Duffing oscillator is equipped with
vibro-impact element, for both, jump-up and jump-
down frequencies. It can be stated that the same can
be concluded when the observation is done for both
simulations together.

1.6
1.4
1 .2 X 14.4548

¥ 1.01008

4 6 8 10 12 14 16 18 20 22

Qp [rad/s]
(b)
1.6
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Figure 4. Amplitude-frequency diagrams of body A: @) Duffing oscillator: jump — up; b) Duffing oscillator with impact
element: jump — up; ¢) Duffing oscillator: jump — down; d) Duffing oscillator with impact element: jump — down

Amplitude-frequency  diagrams of Duffing
oscillator with vibro-impact element have scatterings,
that are not noticeable in the case of oscillator
without impact element.

TEM Journal —Volume 15 / Number 3 / 2026.

Time-displacement diagrams of body A of
Duffing oscillator, and body A and ball K of Duffing
oscillator with vibro-impact element, for the
excitation frequency Q, = 7 rad/s, are shown in
Figure 5.
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In the period of time of 2000 s, it can be noticed
that bodies are in steady state of motion. Diagrams,
in the same figure, for last 30 s and 13 s of
mentioned period of time, respectively, also
demonstrate that.

The scattering observed in the amplitude-
frequency diagrams of the Duffing oscillator with an
impact element occurs only for certain excitation
frequencies.
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Figure 5. Time — displacement diagrams, for 2, = 7 rad/s: a) of body A of Duffing oscillator,
b) of body A (red) and impact element (blue) of Duffing oscillator with impact element
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As O, = 15 rad/s is one of the frequencies for which

the scatterings occur, time-displacement diagrams of
body A of Duffing oscillator and time-displacement

diagrams of body A and ball K of Duffing oscillator
with vibro-impact element, for this frequency, are
shown in Figure 6.
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Figure 6. Time — displacement diagrams for 2,, = 15 rad/s: a) of body A of Duffing oscillator,
b) of body A (red) and impact element (blue) of Duffing oscillator with impact element

By comparing mentioned diagrams, it can be
noticed that there was a decrease in amplitudes of
oscillations of body A, in the case of Duffing
oscillator with an impact element.

TEM Journal —Volume 15 / Number 3 / 2026.

In the case of Duffing oscillator, it reaches the
steady state of motion very fast and much before
2000 s. Mentioned diagrams show that bodies did not
reach the steady state of motion in 2000 s, when the
oscillator is coupled with an impact element.
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This may indicate that bodies reach the steady
state later or that the motion of bodies is chaotic, in
this case. In order to determine whether the motion of
bodies is chaotic or bodies reach the steady state after
2000 s, time-displacement diagrams, for excitation
frequency Q p = 15 rad/s and time of 5000 s are
obtained.

-0.4F
4970

4985 4990 4995 5000

t[s]

4975 4980

Mentioned diagrams, for last 30 s and 13 s of
5000 s, respectively, are shown in Figure 7. It can be
noticed that bodies are not oscillating in the steady
state, also in this case.

1 - o
— 081
=06 .
04 |

4988 4990 4992 4994 4996 4998 5000
t[s]

Figure 7. Time — displacement diagrams of body A (red) and impact element (blue) of Duffing oscillator with impact
element, for (2, = 15 rad/s, and last period of 5000 s

To determine if bodies move chaotically, time-
displacement diagrams are obtained, for the same
excitation frequency, but the time of 9000 s. These
diagrams, for last 30 s and 13 s of 9000 s, are shown
in Figure 8.

8985 8990 8995 9000

t[s]

8970  B9T5S 8980

It is noticed that bodies are not reaching steady
state of motion in the time of 9000 s, also. Based on
this, it can be stated that the motion of the oscillator
and impact element is chaotic, for the frequencies for
which scattering is obtained on amplitude-frequency
diagrams.
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14}
12f

'| =

— 0.8
E 06
04
02f

0
0.2}
0.4}

8994 8996 8998 9000

t[s]

8988 8990 8992

Figure 8. Time — displacement diagrams of body A (red) and impact element (blue) of Duffing oscillator with impact
element, for (2,, = 15 rad/s, and last period of 9000 s

At the moment when the ball hits the oscillator,
on time-displacement diagrams of body A and
impact element, the change of the shape of time-
displacement curve can be noticed.

2072

As this cannot be easily observed on time-
displacement diagrams which are obtained for longer
period of time, time-displacement diagram of body A
and ball K of Duffing oscillator with vibro-impact
element, for excitation frequency Qp = 15 rad/s, and

for last 4 s of time of 2000 s, is shown in Figure 9.
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Figure 9. Time — displacement diagrams of body A (red) and impact element (blue) of Duffing oscillator with impact
element, for £2,, = 15 rad/s, and last 4s of 2000 s period of time: marked region-left, enlarged marked region with
coordinates-right

On the region marked with green rectangle, three
cases of mentioned changes of the shape of time-
displacement curve can be noticed. Enlarged view of
marked region is shown in Figure 9, on the right. In
the same figure, there are shown coordinate values of
body A and the ball, for mentioned cases of change
in shape of time-displacement curve, at the moment
of an impact. If the displacement coordinate value of
body A is subtracted from the displacement
coordinate value of the ball, the value of 0.025 m is
obtained. This represents the value of parameter d,
defined by equation (21), obtained by inserting
parameter values defined in Table 1.

3.2. Effect of the Stiffness of Spring of a Vibro-Impact
Element on the Behavior of Duffing Oscillator

The stiffness of a spring that connects vibro-
impact element with an oscillator, represents the
quantity that directly affects the occurrence of an
impact. In the case of very stiff spring, a ball is not
able to reach the wall of body A, so that impact will
not even occur. With the aim of comparing behavior
of Duffing oscillator for different values of stiffness
of a spring of vibro-impact element, amplitude-
frequency diagrams of body A of Duffing oscillator,
for jump-up and jump-down frequencies are shown
in Figure 10.
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Figure 10. Amplitude-frequency diagrams of body A, of Duffing oscillator with a vibro-impact element: a) jump — up: for

ci= 772 N/m, c1 = 1172 N/m and ¢; =

247% N/m; b) jump — down: for ¢c; = 722 N/m, ¢; = 112> N/m and ¢; =

247% NIm

(respectively, from the left to the right)
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Mentioned diagrams are obtained for three values
of stiffness: 7n* N/m, 11x* N/m and 24x* N/m. It is
noticeable that maximum amplitude of body A, for
jump-up frequencies, is the highest when the stiffness
of the spring is 247> N/m, and the lowest for stiffness
value of 7n* N/m. In the case of jump-down
frequencies, the highest maximum amplitude of the
oscillator is noticed when the value of stiffness of the
spring is 24n® N/m, and the lowest one for the
stiffness value of 7n> N/m. If the simulations of
jump-up and jump-down are observed together,
maximum amplitude of the oscillator is the highest,
when the stiffness of the spring is 24n® N/m, and the
lowest for the stiffness value of 77> N/m.
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All of amplitude-frequency diagrams have regions
of scatterings, and the narrowest one is for stiffness
value of 24m® N/m.

Time-displacement diagrams of body A and ball
K, for mentioned values of stiffness of the spring,
obtained for excitation frequency of Q p = 7 rad/s,
are shown in Figure 11. For this frequency and
stiffness values, body A and ball K, are oscillating in
steady state. Obtained diagrams are the same, for
mentioned parameters.
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Figure 11. Time — displacement diagrams for (2,, = 7 rad/s, of body A (red) and impact element (blue) of Duffing

oscillator with a vibro-impact element: a) c;

Time-displacement diagrams of the oscillator and
vibro-impact element are also obtained for excitation
frequency of Q, = 17 rad/s, and shown in Figure 12.
This excitation frequency is from the region of
frequencies for which scatterings occur on
amplitude-frequency diagrams (Figure 10).
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= 77> N/m; b) ¢; = 1122 N/m; ¢) ¢; = 2472 N/m

That is why the motion of the oscillator is chaotic
for this frequency, for every of three values of
stiffness, which is shown by mentioned time-
displacement diagrams.
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Figure 12. Time — displacement diagrams for (2, = 17 rad/s, of body A (red) and impact element (blue) of Duffing
oscillator with a vibro-impact element: a) ¢c; = 722 N/m; b) ¢; = 1122 N/m; ¢) ¢; = 2472 N/m

3.3. Effect of Initial Conditions on the Behavior of
Duffing Oscillator with Vibro-Impact Element

For different initial conditions of a body A and
ball, the behavior of the system is different. Basins of
attraction, for certain frequencies, are obtained, in
order to determine for which initial conditions the
system performs vibro-impact motion, and for which
just oscillatory one. Amplitude-frequency diagrams,
for jump-up and jump-down frequencies, of a vibro-
impact element are shown in Figure 13.
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There are noticeable scatterings, for some
frequencies, as it was in the case of body A. As it
was stated before, these scatterings indicate chaotic
motion of a ball, for certain values of excitation
frequency. In order to determine the effect of initial
conditions on the behavior of Duffing oscillator, for
the case of steady state and chaotic motion, basins of
attraction are obtained for excitation frequency
Q, =16 rad/s and Q, = 22 rad/s, respectively.
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Figure 13. Amplitude-frequency diagrams of vibro-impact element: a) jump — up; b) jump — down

Basin of attraction, for frequency of excitation Q,
= 16 rad/s, is shown in Figure 14.

TEM Journal —Volume 15 / Number 3 / 2026.

Red regions are the regions of initial conditions
for which the system behaves as oscillatory one. For
the initial conditions from blue regions, the system is
vibro-impact.
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It is clearly noticeable that the red regions are
narrow. These regions are also scattered across the
basin, as the position of body A is not fixed.

For initial conditions of 0.4 m and 0 m/s, the
system will behave as vibro-impact. The system will
behave oscillatory for initial conditions of 0.45 m
and 1.44 m/s (Figure 14).

0.35 0.4
x [m]

0.45 0.5

The frequency for which this basin was obtained,
is the one from range of frequencies for which the
scatterings on amplitude-frequency diagrams (Figure
13) are noticed.

For this frequency and initial conditions, vibro-
impact behavior of the system prevails, as shown by
mentioned basin.

X 0.454175
Y 1.43985

0.35 0.4 0.45 0.5

x [m]

Figure 14. Basin of attraction of a ball, for £2,, = 16 rad/s

Basin of attraction of the ball, for excitation
frequency Q, = 22 rad/s, is shown in Figure 15.

There are no noticed blue regions in this basin, for
shown ranges of displacement and velocity of a ball.
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This indicates that the behavior of the system is
oscillatory, for all values of the initial conditions
shown.

0.45 0.5

Figure 15. Basin of attraction of a ball, for £2,, = 22 rad/s

4. Conclusion

In this paper, the behavior of a Duffing oscillator
coupled with a vibro-impact element has been
analyzed. Numerical simulations were performed for
steady-state motion, and the results were presented in
the form of amplitude-frequency diagrams, time—
displacement diagrams and basins of attraction.
Amplitude—frequency diagrams for jump-up and
jump-down excitation frequencies were obtained.
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Since Duffing and vibro-impact systems contain
strong nonlinearities and motion stops, it is important
to consider both simulations, as they may vyield
different solutions.

Scattering regions were observed in the
amplitude—frequency diagrams for certain excitation
frequencies.

Time—displacement diagrams showed that, for
these frequencies, the motion of the system is
chaotic.
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It was also shown that, when the vibro-impact
element is attached to the Duffing oscillator, the
maximum amplitude of the main body is reduced and
the resonance region shifts towards lower excitation
frequencies.

The influence of the stiffness of the spring
connecting the vibro-impact element to the oscillator
was studied by comparing amplitude—frequency and
time—displacement diagrams for several stiffhess
values. The maximum amplitude of the main body
was found to be highest for the stiffest spring, while
the scattering region in the amplitude-frequency
diagrams became narrower as the stiffness increased.
Consequently, a higher stiffness reduces the number
of impacts of the ball and decreases the effectiveness
of the vibro-impact element as an absorber; the
system behaves more like a purely oscillatory one.

The system behavior also depends on the initial
conditions. Basins of attraction were constructed for
two selected excitation frequencies, one within a
scattering region and one outside it. For the first
frequency, the basins indicated that the response is
predominantly vibro-impact, while for the second
frequency the response is purely oscillatory.

In this study, attention was focused on
steady-state behavior, and chaotic motion was
detected for some excitation frequencies. A more
detailed investigation of the chaotic dynamics of the
Duffing oscillator coupled with a vibro-impact
element is proposed as a subject of future work.
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