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Abstract – Linear Discriminant Analysis (LDA) is 

one of the machine learning (ML) methods for 
reducing the dimensionality of the original feature 
space. A major drawback of the method is the so-called 
Small Sample Size (SSS) problem. In image 
classification, the dimensionality of the corresponding 
feature vector is much larger than the number of 
samples used. This leads to a singularity of the within-
class scatter matrix, making the conventional LDA 
approach inapplicable. A number of LDA-SSS 
techniques have been proposed to overcome this 
problem, primarily in face recognition. In this work, 
the performance of two such approaches in the task of 
classifying magnetic resonance images (MRIs) of 
patients’ brains were investigated through the 
subspace LDA method (Fisherfaces) and the Moore-
Penrose pseudoinverse matrix method. The evaluation 
of the performance of these methods is based on 
accuracy, the ratio of the correctly classified data to all 
grouping data. The MRIs belonging to the respective 
classes, determined by the Minimum Distance 
Classifier (MDC), is consistent with the independent 
diagnosis of three radiologists. The conducted 
experimental studies show that the computer-aided 
diagnosis (CAD) system for brain tumor classification 
based on the pseudoinverse algorithm shows higher 
performance accuracy, but also significant 
computational complexity.  
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1. Introduction 

 
Diagnostic Imaging Techniques, such as medical 

radiography, computed tomography, magnetic 
resonance tomography, medical ultrasonography, 
etc., are accompanied by large databases. The 
inability of medical professionals to process and 
analyze such an amount of information is a 
prerequisite for creating CAD systems. Processing 
relevant digital images, CAD systems help 
physicians to diagnose patients. 

Briefly, the operation of such classification 
systems includes: 

 

• Possible pre-processing of the image (denoising, 
segmentation, etc.); 

• Extracting and possibly reducing the number of 
the discriminative image features; 

• Using a sample of labeled images to train the 
system; 

• Grouping using an appropriate classifier; 
• Evaluating the performance of the system through 

a test sample of images and corresponding quality 
measures. 
 

The identification and extraction of the 
discriminant features of the data is one of the most 
important stages in the operation of the system. In 
practice, the dimensionality of the image feature 
vector is large, which requires the reduction of this 
dimensionality while keeping the useful information 
to the maximum extent. Principal Component 
Analysis (PCA) [1], [2], [3] and Fisher’s Linear 
Discriminant Analysis (LDA) [4], [5] are the main 
linear dimensionality reduction methods in ML. PCA 
determines the projection direction in the lower 
dimensional space in order to find the exact 
representation of the data, i.e., to minimize the mean 
square error. The new space is set by the 
eigenvectors of the scatter matrix of the sample’s 
original features. Its orthonormal basis is constructed 
by ordering the eigenvalues of the matrix, and their 
directions correspond to the magnitude of the 
variance.  
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LDA is a supervised learning technique that aims 
to ensure that the designed features are well 
separated in the low-dimensional space. This 
separability is measured by the Fisher criterion. The 
projection matrix maximizes the ratio of the 
determinants of the between-class scatter matrix to 
those of the within-class scatter matrix. In many 
classification problems, in particular image 
clustering, the ranks of the scatter matrices are 
significantly smaller than the dimensionality of the 
feature vector of the data, i.e., the SSS problem is 
present [6], [7]. In the last two decades, a number of 
LDA-SSS techniques have been developed to deal 
with the singularity of the within-class scatter matrix 
[8], [9], [10], [11]. A thorough review of different 
approaches is given in [12]. Considering the null and 
range subspaces of the between-class and within-
class scatter matrices, the authors classify these 
methods into four groups, depending on the different 
combinations of information subspaces used. The last 
two groups contain the methods using three and four 
of these subspaces, respectively. Research shows that 
each of them contains some discriminatory 
information. From this point of view, the methods of 
the fourth group appear to be the most efficient, but 
their computational complexity is too high. 

In this work, the performance of LDA-SSS 
algorithms, the subspace PCA+ LDA method and the 
pseudoinverse method are compared, using a CAD 
system for classification of MRIs of patients’ brain. 
The comparative analysis is based on classification 
accuracy. The experimental results are obtained 
using images mainly from publicly available medical 
databases [13], [14], and MDC as classifier. 

For convenience, two recent review papers 
discussing CAD systems for brain tumor 
classification were referred to. In [15], a detailed 
overview of the methodologies used in such systems 
and the main classifiers is presented, as well as an 
analysis of the different clustering methods. In the 
second publication [16], the author discusses the 
types of brain tumors, acquisition methods and 
corresponding software. Image segmentation 
techniques, ML and Deep Learning methods are 
discussed in detail. 

The glial tumors that are the subject of the present 
work are found in the accessory cells of the cerebral 
cortex and are divided into astrocytomas, 
oligodendrogliomas and ependymomas. Depending 
on their aggressiveness of spread in body tissues, the 
World Health Organization (WHO) classifies them 
into four grades [17]: 

 

• Benign and surgically removable tumors; 
• Astrocytomas, oligodendrogliomas and 

oligoastrocytomas; 
• Anaplastic astrocytomas, anaplastic 

oligodendrogliomas and anaplastic 
oligoastrocytoma; 

• Glioblastoma multiforme. 

The rest of this paper is organized as follows: The 
next section presents the LDA-SSS techniques that 
have been used. Section 3 is devoted to the basic 
steps of the implementation of CAD systems for glial 
tumor classification and Section 4 presents the 
comparative analysis and discusses the results 
obtained. The paper ends with concluding remarks 
and intentions of future research. 

 
2. LDA-SSS Algorithms Used 
 

In this section, two LDA-SSS methods are briefly 
presented and their performance in glial tumor 
classification is compared. The first one is the 
subspace PCA+ LDA method [12], [18] which uses 
only the range subspaces of the two scatter matrices, 
between- and within-class ones. The second 
technique for solving the SSS problem is the pseudo-
inverse transformation [12], [19] estimating the 
inverse matrix of the within-class scatter matrix with 
its pseudoinverse Moore-Penrose matrix [20]. 
 
2.1.  Notations and Basic Concepts 

 
Each of the considered MRIs can be recorded as a 

vector, by sequentially arranging its pixels, 
connecting the rows or columns of the N N×  matrix 
of the image, as ( ) 2

1 2, ,..., , .T
i dx p p p d N= =  Then, 

the training sample containing n  images from the K  
class can be written as { } 1, ,n

i i iX x l ==  where d
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respectively the average images of X  and kX . 
The total scatter matrix, the within-class scatter 

matrix, and the between-class scatter matrix are 
given by the following formulas (1), (2) and (3) [6]: 
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2.2. Fisherfaces 
 
Fisherfaces (PCA+ LDA) [18] is one of the 

popular subspace methods to tackle the SSS problem 
and it is conducted in two stages. At first, the 
dimensionality of the d -dimensional feature space is 
reduced to ,h  by applying PCA, after which the LDA 
reduction is implemented. 

The PCA transform minimizes the mean squared 
error of the feature projection in the hR  space, which 
is set by the h  orthonormal eigenvectors of the 
matrix 

ntS  – ( )1 2, ,..., ,hw w w  corresponding to its first 

largest h  eigenvalues ( )1 2, ,..., hλ λ λ . The projections 

of the input images ix  in the hR  space are obtained 
by the following formula: 

 
( ) , 1,2,..., ,T h

i P iy W x R i nµ= − ∈ =  (4) 
 

where ( )1 2 ... d h
P hW w w w R ×= ∈  is the projection 

matrix. 
The question of choosing the optimal value of 

( )min 1,h K d≤ −  still remains unresolved. However, 
in order to secure the non-singularity of the matrix 

KwS , it is also necessary to satisfy the inequality 
.

Kwh rank S≤  Since the residual mean squared error 

when considering the first h  eigenvectors is 
1

,
d

j
j h

λ
= +
∑  

it is recommended in [21] that the choice of h  be 
determined by the inequality 

 

1 1
/ 95%.

h d

j j
j j
λ λ

= =

    ≥  
 
∑ ∑    (5) 

 

Such a dimensionality reduction preserves much 
of the variance of the original data, and the 
discriminatory power of the features is only slightly 
reduced. 

By finding the so-called most expressive features 
(4) completes the first stage of the method. Its second 
part is designed to identify the most discriminating 
features. The within-class scatter matrix and the 
between-class scatter matrix in the space hR  are 
given by the formulas (6) and (7) respectively: 

 
,

K K

T h h
w P w PS W S W R ×′ = ∈   (6) 

.
K K

T h h
b P b PS W S W R ×′ = ∈   (7)  

 
 

Finding Fisher’s discriminant directions is based 
on reducing the scatter of the data within individual 
classes while increasing the scatter between the 
classes themselves. The goal of LDA is to find the 
projection matrix 

 

( )1 2 ... ,h s
L sW w w w R ×= ∈            (8) 

 

which maximizes the function 
 

( )
( )
( )
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.
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K
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T
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                   (9) 

 
The projection matrix (8) of the LDA method is 

constructed from the generalized eigenvectors 

1 2, , ... , sw w w  of ( ), ,
K Kb wS S′ ′  corresponding to the 

generalized eigenvalues ( )1 2, ,..., , 1.s s Kλ λ λ ≤ −  
Then the projection matrix of the PCA+ LDA 

method is 
,d s

P L P LW W W R ×
+ = ∈                  (10) 

 

and the projection of the original data kX in the space 
of the most discriminative features ,sR  is given by 
the formula 
 

( ) , 1, 2,..., .
P L

T s
k kZ W X R k Kµ

+
= − ∈ =  (11) 

 
2.3. Pseudoinverse Methods 

 
The pseudoinverse matrix is a direct method that 

can overcome the SSS problem [12]. The description 
of the Moore-Penrose pseudoinverse matrix is 
beyond the scope of this paper, but a way to compute 
it will be given in the case of a square symmetric 
matrix. 

 
Let 

KwS  be a singular matrix and 
K

T
wS VDV=  - 

its spectral decomposition (diagonalization), where 
D  is a diagonal matrix composed of eigenvalues and 
the columns of the orthogonal matrix V  are its 
eigenvectors. In case ,

Kwrank S r=  it has only r  
non-zero eigenvalues – 1 2, ,..., .rλ λ λ  Therefore, 

 

( )1 2, ,..., ,0,...0 dxd
rD diag Rλ λ λ= ∈  (12) 

and its Moore-Penrose pseudoreverse will be 
[22]: 

( )1 1 1
1 2, ,..., ,0,...0 ,dxd

rD diag Rλ λ λ+ − − −= ∈    (13) 

because DD D D+ =  и .D DD D+ + +=  Then the 
matrix  

,
K

T
wS VD V+ +=   (14)  
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is the Moore-Penrose pseudoinverse of the matrix 
.wS Indeed, 

( )( )( )K K K

K

T T T
w w w

T T
w

S S S VDV VD V VDV

VDD DV VDV S

+ +

+

= =

= = =
 (15) 

and 

( )( )( )
.

K K K

K

T T T
w w w

T T
w

S S S VD V VDV VD V

VD DD V VD V S

+ + + +

+ + + +

= =

= = =
 (16) 

 
3. Algorithms of the Classification CAD System 

 
Brain MRIs are input into the system directly 

from the respective medical bases. Using the selected 
descriptor characteristics for the corresponding tumor 
grades, the images are divided into four classes. The 
comparative analysis of the performance of the 
selected algorithms is carried out using MRIs of 
patients’ brain, from which the corresponding 
training and test samples are formed. All images are 
256 256×  pixels in size, in a DICOM format. 
 
3.1. PCA+ LDA Algorithm 

 
Let the used training sample be 

{ }
4

1

, ,n
tr i i ki i

k

X x l X′
=

=

= =  where ix  is a vector of 

dimension 2256d =  and the label ( )1,2,3,4il ∈  and 

kX  are the images of the class .k  Then the algorithm 
is initialized with the following operations: 

 

1. Calculating the total scatter matrix 
ntS
′
 using 

formula (1) with .n n′=  
2. Finding the eigenvalues and eigenvectors of 

.
n

d d
tS R
′

×∈  

2.1. Finding the eigenvectors ( )1 2, ,..., nv v v ′  of 

matrix 𝐿𝐿 = 𝑈𝑈𝑇𝑇𝑈𝑈 ∈ 𝑅𝑅𝑛𝑛ʹ×𝑛𝑛ʹ  �𝑛𝑛ʹ ≪ 𝑑𝑑�. 
2.2. Obtaining the eigenvectors of 

ntS
′
 using the 

formula 𝑤𝑤𝑖𝑖 = 𝑈𝑈𝑣𝑣𝑖𝑖,  𝑖𝑖 = 1,2, . . . , 𝑛𝑛ʹ, with 
subsequent normalization [23]. 

3. Constructing the projection matrix ,d h
PW R ×∈  

where h  is chosen according to inequality (5). 
4. Calculating the projections of the original images 

in space ,hR  using the formula (4), and 
constructing the corresponding scatter matrixes 
following formulas (2) and (3) with n n′=  and 

4.K =  
5. Constructing matrices 

4wS ′  and 
4
,bS ′  using 

formulas (6) and (7) respectively. 
6. Constructing the projection matrix LW – (8)  

satisfying the Fisher criterion. 

7. Designing each test image tx  in the space ,sR  
according to formula (11), and, based on the MDC 
classifier, assigning it the label ,kl ∗  where 

( )arg min .s
T
P L t k Rk

k W x µ∗
+= −  

 
3.2. Pseudoinverse Algorithm 

 
The same training sample trX  is input into the 

CAD system and the pseudo-inverse algorithm is 
initialized with the following operations: 

 

1. Constructing the scatter matrices 
4wS  and 

4
,bS

with n n′=  and 4.K =  
2. Spectrally decomposing 

4
.T

wS VDV=  

3. Finding the diagonal matrix D+  using the formula 
(13) where 

4
.wr rank S=  

4. Constructing 
4wS +  – the pseudoinverse Moore-

Penrose matrix of 
4
,wS  using formula (14). 

5. Constructing the projection matrix ,LW  satisfying 
the Fisher criterion. 

6. The projection of a random test image tx  into 
space sR  is T

L tW x  and its label kl ∗  is assigned by 
the MDC classifier, where 

( )arg min .s
T
L t k Rk

k W x µ∗ = −  

 
4. Experiments 

 
For the experimental studies, collections of brain 

MRIs obtained from diagnostic examinations of 
patients were used. In order to verify the obtained 
results, images labelled by radiologists according to 
the type and grade of the glial tumor were selected. 
CAD technologies are based on their effectiveness, 
which aims to reduce the likelihood of diagnostic 
errors. The ability of the two LDA-SSS methods to 
achieve a certain classification accuracy for brain 
tumors is demonstrated by the presented CAD system 
models. The experimental part of the analysis was 
implemented in the MATLAB programming 
environment. 

 
4.1. Dataset 

 
The comparative analysis of the two algorithms is 

performed using a sample of 200  brain MRIs 
representing the four classes of glial tumors. T1-
weighted (T1W), T2-weighted (T2W) and T2-
sensitive (T2F) images obtained from publicly 
available medical databases [13], [14] and from the 
Imaging Department of Dr Stefan Cherkezov 
Hospital of Veliko Tarnovo are used. Figure 1 shows 
sample slices from the MRI database containing glial 
tumors of different types. 
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Figure 1.  Glial tumors (a) Grade I /Low-Grade Astrocytoma/, (b) Grade II Astrocytoma, 
(c) Grade II Oligoastrocytoma, (d) Grade II Oligodendroglioma, (e) Grade III Astrocytoma, 
(f) Grade III Oligoastrocytoma, (g) Grade III Oligodendroglioma, (h) Grade IV Gliobastoma 

 
4.2. Comparison Analysis 

 
The task at hand is to compare two approaches for 

solving the SSS problem based on CAD tumor 
classification systems, so the focus is on the 
performance of the algorithms. The methods for 
determining the most discriminative features of the 
considered tumors require special training. For this 
reason, all images used here are labeled by expert 
radiologists in order to verify the results obtained. 

The comparison is implemented through the 

measure ,correct classificationsAccuracy
all classifications

=   which is 

common for multi-class grouping and is often 
expressed as a percentage.  

A number of experimental studies have been 
carried out, with different training sample sizes, 
formed by random drawing but equally distributed 
across classes.  

Thus, any possible distortion of the results 
obtained is avoided. 

 
4.3. Discussion of Results 

 
The results of the performed experiments that 

compare the two algorithms are graphically presented 
in Figure 2.  

 
 

 
 

Figure 2.  Аccuracy of classification of glial tumors with the methods used 
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These diagrams are designed based on the 
averaged results obtained by applying each of the 
two algorithms to the respective training sets ten 
times. There is a natural tendency to improve the 
classification accuracy as the training sample size 
increases. The tumor grade is determined by its 
malignancy. The least aggressive ones belong to the 
first grade. When viewed under the microscope, the 
cells appear almost normal. The last grade contains 
tumors with the most aggressive behavior. The 
tumors of the second and third grades are borderline, 
separating low-grade from high-grade gliomas. From 
the results obtained, it can be seen that for grades II 
and III, both algorithms give inferior results 
compared to the other two grades. The glial tumors 
included in these two groups are of the following 
types: astrocytomas, oligodendrogliomas and mixed 
oligoastrocytomas. The third grade includes more 
aggressive, fast-growing tumors transformed from 
the lower grade. Hence, the close location of the 
centres of these two grades impairs the accuracy of 
the classification. The CAD system for brain tumor 
classification based on the pseudoinverse algorithm 
shows better performance in almost all training sets. 

 
5. Conclusion 
 

In this work, a comparative analysis of a pair of 
CAD systems for grading glial tumors is performed 
using MRIs of the brain. Each of them is based on an 
algorithm that overcomes the problem of insufficient 
data set size. The Fisherfaces method starts with 
PCA, reducing the original dimension of to an 
acceptable one, allowing the use of 2562 a non-
singular within-class scatter matrix. The second uses 
a direct algorithm to analyze this matrix, by 
constructing the Moore-Penrose pseudo-inverse 
matrix. 

The results obtained from the experiments with 
different training sets, show the higher classification 
accuracy of the pseudo-reverse method. This is 
evident from both the tumor grading results and the 
average accuracy obtained. The averaged 
classification accuracies achieved are respectively 
PCA+LDA algorithm - 75(±1)% and MP 
pseudoinverse - 82(±1)%. In the PCA+LDA method, 
the dimensionality reduction after PCA results in a 
significantly smaller computational complexity of the 
LDA part, in contrast to the corresponding 
computational difficulty of the second algorithm. 

The previous section points out problems 
classifying the second and third grade tumors. The 
proximity of the centroids of these classes presents a 
problem to the PCA because the center of the 
projected data is located at the origin of the 
coordinate system of the new space. The subject of 
further research will be the application of eigen PCA 
to each class of the training set.  

The difficulty of the problem is also evidenced by 
similar hesitation on part of radiologists when 
making a final decision on some of the diagnoses. 
Also, the effectiveness of other direct LDA-SSA 
techniques is to be investigated. 
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