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Abstract – The following paper presents an 
innovative methodology developed in the context of 
teaching stereometry in secondary school. The main 
objective of the survey was to examine the relationship 
between pupils' geometric and spatial skills, and their 
ability to solve geometric problems. The survey sample 
comprised 544 pupils from ten Slovakian schools, 
emphasizing the importance of a comprehensive 
approach to teaching spatial skills to enhance pupils' 
geometric preparedness. The survey employs its own 
stereometrical test and indicates that effective problem-
solving in this area hinges on a thorough grasp of spatial 
geometry. Qualitative and quantitative analysis were 
done in the survey evaluation. Based on the survey 
results, a methodology was proposed and incorporated 
into the teaching process. Feedback from mathematics 
teachers was also recorded. Teachers who used this 
methodology in their lessons provided their opinions on 
it, including recommendations for improvement. 
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1. Introduction

Geometry is well suited to implementing discovery 
learning, which allows pupils to become more aware 
of the usefulness of the scientific knowledge they 
acquire and the possibilities of applying this 
knowledge in everyday life. Spatial imagination, as 
part of geometry, can become an indispensable and 
useful tool, as well as being helper in situations [1]. 

Various authors have mentioned the possible 
causes and contributing factors of low spatial 
imagination levels among pupils at different types of 
schools in their scientific studies [2], [3]. Pupils 
usually have problems with spatial skills and do not 
like to solve stereometrical problems. This can be 
developed through targeted teaching, including 
solving problems involving the construction of 
intersections of linear figures [4]. 

In such tasks, it is necessary to let the pupils carry 
out at least a few steps independently and to correct 
any errors in the algorithmic procedure or in the 
drawing. It is desirable that the given solution to the 
problem is visualised in an appropriate way, so that at 
least part of the pupils' lack of spatial ability is 
overcome [5]. 

A proposal for a set of activities is presented in the 
form of a methodology [6]. It shows how a teacher can 
use guided exploration to investigate the relationships 
between different linear figures in space, and then use 
them further in the teaching process. 

As stated by [7], motivational teaching aids are 
highly effective in facilitating learning and stimulate 
complex psychological processes within pupils. This 
is particularly pertinent when teaching stereometry, 
where various didactical tools can be employed, 
including ICT, mainly Dynamic Geometry Software 
as GeoGebra [8]. GeoGebra helps pupils to improve 
their spatial skills and is considered an essential tool 
in the teaching process [9]. 
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2. Stereometry Test and its Results 
 

Based on an analysis of the State educational 
programme for secondary school pupils in Slovakia, a 
stereometry test containing four tasks was compiled to 
examine pupils' spatial imagination and ability to 
solve space representation problems. The stereometry 
test was taken by 544 pupils from 10 secondary 
schools. 

 

The development of individual test tasks involved 
the implementation of tasks related to the national 
primary school testing of 9-year-old pupils, as well as 
teaching materials obtained from teachers and 
mathematics textbooks for secondary schools. The 
problems were evaluated and scored based on whether 
the pupils solved the entire problem correctly, 
incorrectly, or did not attempt it. The results are shown 
in Figure 1 and Figure 2. 
 

 
 

Figure 1. Achievement of pupils in solving stereometry test 
 
Based on the data in Figure 1, Task U1A was found 

to be the most challenging, with a success rate of only 
3.31 %. This was followed closely by Task U1B, 
which had a success rate of 11.76 %. The majority of 
pupils failed the cube cuts in both the standard and 
non-standard views of a given cube. Interestingly, 
determining the coordinates of both the vertex and the 
point lying on the edge proved challenging, with only 

48.90 % of pupils managing to solve the problem. 
10.66 % of pupils did not solve Task U1A and 12.23 
% did not solve Task U1B.  

However, given the success rates of 79.96 % and 
71.14 % for Task U3 and Task U4 respectively, it can 
be concluded that determining and plotting the views 
of cubic solids is much easier for pupils. Therefore, 
every pupil could receive a grade.

  

 
 

Figure 2. Pupil´s stereometry test grades 
 

Figure 2 shows that, for Tasks U1 - U4, 11.76% of 
pupils received a grade of 1, 34.74% received a grade 
of 2, and 34.56% received a grade of 3. 8.27% of 
pupils received a grade of 4, while 10.66% received a 
grade of 5.  

Overall, 69.3% of pupils achieved a grade of 2 or 
3, with an average grade of 2.71 for the first four tasks, 
a mode of 2 and a median of 3. 
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3. Guided Inquiry in Education 
 

The teaching method described in this article is 
method of exploration, which belongs to the so-called 
activating methods. These methods encourage pupils 
to actively participate in the learning process and are 
among the most natural methods of learning and 
development. The teaching of mathematics, and of 
geometry in particular, is very well suited to the 
implementation of the exploratory method. 

Inquiry-based activities and the problem-solving 
that goes with them are among the most important 
educational objectives in all subject areas in all 
developed countries [10]. This is confirmed by [11], 
who concludes that inquiry-based learning has been 
shown to be effective in primary and secondary 
education, even for pupils with a range of special 
needs. 

Teachers themselves have an important role to play 
in this kind of teaching. Some of them may find it 
difficult to prepare such didactic material. There are a 
number of publications related to inquiry-based 
learning [12], [13], [14]. 

A common view in this area of inquiry is that it is 
particularly beneficial for teachers to use guided 
inquiry. In guided inquiry, the solution to the problem 
is more open to the pupils and the teacher takes on the 
role of a guide to the pupil's learning, while still 
providing the information needed to solve the task. 
The research question is given to the pupils or they can 
define it together with the teacher. They then work 
according to the instructions given and the teacher can 
advise the pupils on how to carry out the experiment 
and collect the data. Pupils record the results 
independently and deduce the relevant information 
they need to write a conclusion and answer the 
opening question [15]. 

For this reason, a methodology with inquiry-based 
activities has been developed. It is intended to be 
helpful also for future mathematics teachers who do 
not have experience in this area. 

 
4. Activity for Secondary School Pupils “Finding 

the Intersections of Linear Figures in Space” 
 
The methodology is aimed at secondary school 

pupils and is developed because stereometry is one of 
the most unpopular parts of mathematics teaching. In 
school practice, there is little room for developing 
pupils' spatial imagination, so pupils do not like to 
solve these stereometrical problems. And it is here that 
the use of ICT resources, especially dynamic software, 
interactive demonstrations in relation to the solution 
of geometrical problems in space, can not only help 
the teaching process but also engage the pupils. 
Therefore, this methodology offers part of the solution 
to the above problem, i.e., finding the intersection of 
two planes or a line and a plane.  

Concrete problems and interactive demonstrations 
related to the solution of these problems complete the 
methodology. 

The activities are designed for one lesson, the 
dominant teaching methods and forms are guided 
inquiry and group work by the pupils. Pupils should 
have a basic knowledge of geometry software, 
GeoGebra software was used in the activities 
described. To prevent pupils from becoming 
discouraged, it is recommended that the discussion 
and interpretation of results in such cases be carried 
out verbally [16]. 

 
4.1. Methodological Description of the Lesson 

   
The lesson has been divided into three parts: 
 

• Evocation (about 10 minutes) – reviewing 
concepts related to angular solids and how to 
represent them in the plane – working with a 
worksheet; 

• Awareness of the meaning (about 25 minutes) – 
pupils working in groups, solving problems using 
computers;  

• Reflection (about 10 minutes) – problem, 
discussion with the pupils. 

 
4.1.1. Evocation  

 
The main purpose of the tasks in the first phase is 

to see if the pupils remember the principles of parallel 
projection and can apply them to the representation of 
angular solids used in school practice. 
Simultaneously, the teacher reviews with them the 
positional properties of basic linear figures in space. 

Teachers can also use concrete models of solids or 
the dynamic GeoGebra program with the 3D module 
or an interactive whiteboard to find the answers to the 
problems. Pupils should be aware of working with 
images of solids. The projections of these solids are 
given in free parallel projection. Euler's theorem and 
therefore the validity of the relation 𝑣𝑣 − ℎ + 𝑠𝑠 = 2 
must be checked with the pupils. The teacher will also 
check with them the relative position of two lines, of 
a line and a plane, of two planes, as well as concepts 
related to the positional properties of linear figures 
(intersecting, intercepting, number of common points 
of different linear figures ...). 

 
4.1.2. Awareness of the Meaning  

 
In the main part of the methodology, it is necessary 

to find, by means of the method of exploration, the 
number of points that any two linear figures have in 
common in space. Also, to find an algorithm for their 
search. The teacher gives the pupils the problems one 
by one (Problem 1 – Problem 4). 
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Problem 1:  The quadrilateral pyramid ABCDE 
and a plane XYZ are given. What kind of polygons 
can be a section of a quadrilateral pyramid and of a 
plane? What does this depend on? 

In solving Problem 1, the pupils discuss with the 
teacher how many edges of the quadrilateral pyramid 
can be cut by a plane. They also have to realize that 
each face of this solid is a different plane, so they have 
to find the intersections of two planes that are not 
parallel to each other. 

It is possible to create an interactive construction 
in GeoGebra (Figure 3). The pupils can move the point 
X along the edge DE until they find all the polygons 
created by cutting the given plane and solid. 
Meanwhile, the teacher reminds them to note the 
intersections of the plane XYZ with the edges of the 
quadrilateral pyramid. 

 

 
 

Figure 3.  Interactive construction for determining the 
position of two planes 

 
The aim of this activity is to get the pupils to 

identify two common points of the cutting plane and 
the surface by finding their intersection. After this 
experiment with the GeoGebra applet, pupils should 
have no problem solving the following Problem 2. 

Problem 2: Construct a plane section of the cuboid 
ABCDEFGH through the plane KLM, where the points 
K, L, M are successively the interior points of the 
edges AE, BF, FG (Figure 4). List all the segments that 
delimit this section. Mark the three different lines that 
lie in the plane KLM. 

 

 
 

Figure 4.  Cuboid from Problem 2 

The teacher will use the solution to Problem 2 
(Figure 5) to find out with pupils where all the 
intersections of lines (in the KLM plane) with the faces 
of the ABCDEFGH cuboid are. The teacher wants the 
pupils to get the idea that the intersection of a line with 
a plane can be found by using the intersection of two 
planes. Therefore, teacher also instructs the pupils to 
draw different lines lying in the KLM plane and mark 
their intersection with one of the sides of the cuboid. 

 

 
 

Figure 5.  Solution to Problem 2 
 

After solving the problems of finding the 
intersection of two planes, the teacher and the pupils 
will move on to the problem of finding the intersection 
of a line and a plane. 

Problem 3: Construct the intersection of the line 
EC with the plane ABP in the cube ABCDEFGH, 
where the point P is the interior point of the edge CG. 
Also write down the construction procedure using the 
interactive construction. 

The teacher can solve this problem using an 
interactive construction created in the GeoGebra 3D 
module (Figure 6). 

 

 
 

Figure 6.  Interactive construction to demonstrate 
intersection of line and plane 
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The teacher shows the pupils the solution to 
Problem 3, rotating the die to show the different 
positions of this solution. Teacher can move the point 
P to change the position of the line, so that the pupils 
also notice the movement of the point X as the 
intersection of the line EC with the ABP plane. After 
this demonstration, the teacher asks pupils to think 
about the construction procedure from the problem 
and try to write it down. Teacher then writes down the 
correct procedure for finding the intersection of the 
line and the plane on the blackboard. 

This is followed by Problem 4; which pupils can 
do as homework. Pupils will construct another 
intersection of a line and a triangular prism using the 
procedure already written in the previous problem. 
This problem can also be solved in a parallel 
projection by using an interactive whiteboard or by 
using GeoGebra software. 

Problem 4 (homework): Construct the intersection 
of the line CL with the plane PQR in the triangular 
prism ABCDEF, where the P, Q, R points are 
successively the interior points of the edges CF, BE, 
AD and the point L is the interior point of the face 
DEF.  

Figure 7 shows an example of Problem 4, which 
the teacher outlines with the pupils on the blackboard 
so that the pupils do not have any difficulties 
understanding the problem. In order to solve Problem 
3, the pupils use the construction procedure they have 
written with the teacher. In this problem there are 
several possibilities for the plane in which the line CL 
should lie. Therefore, in this part of the solution, the 
teacher discusses the choice of plane with the pupils. 
Finally, in the given prism, mark the plane that is most 
obvious and the section of the prism through this plane 
is not complicated (for example, it can be the CFL 
plane). 

 

 
 

Figure 7.  Problem 4 – assignment 
 
 
 
 
 
 

4.1.3. Reflection  
 
At the end of the lesson, the teacher tests the pupils' 

knowledge with Problem 5, leaving it up to the 
teacher's individual discretion whether the pupils 
work independently or in groups. The teacher presents 
the correct solution of the problem to the pupils using 
GeoGebra. 

Problem 5: Construct the intersection of the 
parallelogram KLMN and the triangle PQR, which are 
shown in the following Figure 8. 

 

 
 

Figure 8.  Mark the points in the cube for Problem 5 
 

Teacher gives pupils a picture with the points of 
both formations. The problem can be refined by 
choosing the cube ABCDEFGH as an auxiliary body 
to mark the given points of the plane, where the points 
K, M are successively the interior points of the edges 
AE, CG, the point L is identical to the vertex B, the 
point R is identical to the vertex G, the point Q is the 
interior point of the line segment AC and the point P 
lies on the semi-line AE behind the point E. The 
expected solution is shown in Figure 9. 

 

 
 

Figure 9.  Solution to Problem 5 
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5. Observations and Reflections of Secondary 
Mathematics Teachers on the Proposed 
Problems 

 
This methodology can be used by teachers to help 

pupils better understand how to find the intersection 
of two linear figures in space, but it does not have to 
be used strictly to explain the problem. However, if 
the teacher chooses to use this methodology to explain 
the problem, i.e., as a new lesson, the time allocated to 
the method should certainly be increased to two 
lessons. In this case, it is also useful to show the pupils 
how to relate the subject to practice by means of 
concrete examples. Practical tasks provide pupils with 
immediate feedback on their knowledge of geometry 
and demonstrate how it is relevant in real-life 
situations. The main benefit of such tasks in the 
educational process is that they motivate pupils to 
study geometry and the relevant curriculum in Slovak 
schools [17]. If the teacher also feels that it is easier 
and quicker for the pupils to work on the interactive 
whiteboard when solving the problems, the GeoGebra 
software can be replaced by working on the interactive 
whiteboard. On the interactive whiteboard, the pupils 
can draw a specific solid and directly draw the 
solution. A study in [18] also confirms this fact, with 
pupils emphasizing in their answers that interactive 
applets inspired them to study the subject more at 
school and at home. Questionnaires and interviews 
were developed for pupils to assess the impact of 
interactive materials on their perceptions of 
mathematics and the learning process. Pupils who 
used these materials demonstrated a statistically 
significant increase in knowledge and retention 
compared to those who attended standard classes. 

The innovative methodology was introduced into 
the teaching process by twelve mathematics teachers 
from different secondary schools in Slovakia. They 
stated in the questionnaire created within the project 
[19] that the methodology was suitable for the topic 
related to the positions of lines and planes in space. 
Teachers would use it repeatedly in the teaching 
process, but some of them would use it only after they 
had dealt with the topic as a reinforcement of 
knowledge. 

The most important comments and suggestions 
from mathematics teachers (which were also included 
in the questionnaire) for improving the innovative 
methodology that was proposed are as follows: 

 
 
 
 
 
 
 
 

• ... Problems that promote the development of 
pupils' spatial ability need to be solved in 
mathematics lessons, just need to give pupils 
enough time, and for those in the methodology 
needed slow and detailed explanations from the 
teacher ...; 

• ... Well-prepared examples in GeoGebra, I have to 
praise this - this was what the pupils enjoyed most 
and what gave them the most ...; 

• ... The pupils mainly made incorrect drawings of 
planes and shapes in solids (what goes inside the 
solid, the pupils drew a solid line, etc.), but also 
made incorrect drawings of intersecting lines ...; 

• ... Fewer examples in the assignment problems for 
the methodology. It would be good to draw 
pictures for each task in the Methodology 
assignment. It would be useful to make the 
problems more attractive - the link to practical 
application is completely missing. This would 
interest the pupils. The basic and everyday 
question of the pupils - where is this used in life (in 
practice) is not answered ...; 

• ... The difficulty of the subject from a teacher's 
point of view is that it is difficult for pupils to 
visualize. Explaining to the pupils that the 
positions of geometric shapes are really what they 
are, that the cut will really be like this, and that the 
two lines where some people think they will 
intersect will not intersect. From a pupil's point of 
view this is a difficult subject because many people 
cannot imagine it, they have a very poor spatial 
imagination. Stereometry in general gives them a 
huge problem ...; 

• ... Created dynamic constructions solved the 
problems very clearly, even pupils with lower 
spatial ability had the opportunity to understand the 
problems and find a solution ...; 

• ... I liked the methodology very much, but it is 
probably not suitable for explaining completely 
new material, but rather for reinforcing when they 
already have some experience with the subject...; 

• ... The problem 5 was more difficult, but very nice. 
 

Graphical representations of teachers' responses to 
some of the questions related to the objectives, 
methods and competences defined in the cover sheet 
of the described methodology are presented in Table 1 
– 5 respectively.  
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• Question 1. From your point of view, is the
formulated didactic problem meaningful?

Table 1. Question 1 responses 

Average percentage 

Yes 

Partially yes 

Total number of 
responses to the 

Question 1 

• Question 2. Is the methodology based on inquiry-
based learning?

Table 2. Question 2 responses 

Average percentage 

Yes 

Partially yes 

Total number of 
responses to the 

Question 2 

• Question 3. Were the problems and activities
focused on achieving the objectives?

Table 3. Question 3 responses 

Average percentage 

Yes 

Partially yes 

Total number of 
responses to the 

Question 3 

• Question 4. Were the tasks and activities aimed at
solving the didactic problem?

Table 4. Question 4 responses 

Average percentage 

Yes 
Total number of 
responses to the 

Question 4 

• Question 5. Were the pupils able to discover this
knowledge or were they able to achieve the
expected results?

Table 5. Question 5 responses 

Average percentage 

Yes 

Partially yes 

Total number of 
responses to the 

Question 5 

6. Conclusion

Based on the survey results, it can be concluded that 
successfully preparing pupils for further studies that 
require spatial imagination involves developing spatial 
abilities and acquiring mathematical knowledge, 
particularly in geometry. At secondary level, pupils are 
often unable to solve stereometrical problems because 
they lack spatial skills. They do not know of the basic 
ways of representing spatial geometric figures in the 
plane, which is related to their deficiencies in finding 
the positional properties of these figures in space. In 
addition, it is important to constantly encourage pupils 
to use sketches, pictures, constructions or various 
demonstrations related to solving different geometric 
problems.  

Formative assessment of discussion and 
interpretation of results is recommended in cases 
where the issue is complex and pupils might be 
demotivated. This evaluation took place immediately 
after each group of pupils had solved a task during the 
lesson. This made the evaluation formative. Another 
positive finding is that teachers who used the 
methodologies in mathematics lessons gave their 
opinions on them, including recommendations and 
comments on how to improve them. 

The proposed teaching materials are intended to 
enhance pupils' spatial imagination during 
mathematics lessons at secondary school level. It is 
important to repeatedly solve logical tasks related to 
spatial imagination as part of teaching, as this improves 
pupils' spatial imagination. It is also advisable to link 
geometry teaching with real situations and practical 
tasks. Pupils play an active role in solving such 
problems and engaging in the teaching process. They 
think about strategies for solving problems and 
feedback on improvements in geometry teaching can 
be expected. 

The survey findings and mathematics teachers' 
reflections will contribute to enriching research in 
mathematics teaching theory and its links to school 
practice. 
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