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Abstract – The study regarding the regularity of
changes in the hydrodynamic processes in the area of a
sudden expanding in hydraulic section of the planeparallel full pipe flow of the liquid is carried out on the
basis of the equations on the boundary layer. A method
has been developed for determining the changes in the
hydrodynamic parameters of the flow in the transition
section which makes it possible to obtain the profile of
the distribution of fluid velocities in any cross section
of the channel based on the results of deformation of
the areas of velocity under common initial and
boundary conditions. The hydrodynamic processes
occurring on transition of sudden expanding on
hydraulic section of plane-parallel full pipe flow are
studied in cases when: a) the velocity at any point of
the inlet section of the channel is constant; b) the
velocity at the inlet section is distributed according to
the parabolic law. The calculation results for various
values of the coefficient of expansion are given:
𝒂
𝟎, 𝟑; 𝟎, 𝟓; 𝟎, 𝟕.
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Based on the results of computer simulation, the
course of deformation of the velocity diagram along the
length of the transition section was obtained for a
constant and parabolic distribution of the velocities of
the fluid flowing into the expanded section of the
channel. The regularities of pressure distribution along
the length of the studied section were also determined.
Keywords – transition; hydraulic section; function;
velocity; distribution.

1. Introduction
As a result of the analysis of studies on
hydrodynamic processes occurring on transition of
hydraulic section of full pipe flow, various
theoretical and experimental methods have been
developed. Each method of calculation is based on
conditions of the structure and nature of the
movement according to which theoretical studies are
carried out and practical conclusions are made. Often
these conclusions provide acceptable results for
relatively small ranges of movement thus limiting
their practical application. The study of the transition
of the hydraulic section of a flat pipe using methods
of boundary layer was first carried out in the work of
Leybenzon [1]. However, the suggested method of
calculation requires a bulk of calculations. In
addition, the accuracy of calculation greatly reduces
the hydraulic section which also limits its
application.
The study of the transition of the inlet section of
the plane-parallel full pipe flow by the method with
regard to numerical integration of the system of
equations of the boundary layer was carried out by G.
Shlikhting [2]. Along with the numerical method, the
author also developed an analytical method for
calculating the transitional section [3] which is based
on the condition for dividing the area of fluid motion
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in the pipe into two parts: the central section where
the velocities are equal and the section near the fixed
walls where the velocities vary along the regularities
of the boundary layer. The developed method allows
to obtain the distribution of the areas of fluid velocity
in any hydraulic section of the channel transition.
The distributions of velocities in the transition of
the inlet section of a circular cylindrical pipe were
first obtained, and [4] suggested a numerical method
for determining the deviation of velocities from their
stated values. However, the results of his calculations
give significant deviations, especially near the inlet
section. Within the framework of the model of
boundary layer [5], L. Schiller obtained the
distribution of velocities in the transition of the inlet
section of a circular cylindrical channel and
developed a method for its calculation [6]. The
obtained results show proper coincidence in the
central part of the fluid movement in the pipe and
significant deviations are observed near the fixed
wall [7].
Investigations of the hydrodynamic parameters of
the flow at the transition of the inlet section of
cylindrical channels were also carried out by N.A.
Slezkin [8]. Having approximated the Navier-Stokes
equations for a viscous fluid, they formulated and
solved a problem of boundary value for such types of
channels, and the results were compared with
experimental data. The analysis confirmed the
reliability of the studies. However, these studies are
unacceptable for cases where, depending on a sudden
change in the geometric parameters of the channel,
the deformation occurs in areas of velocity.
Therefore, the determination of the regularities of
changes in hydrodynamic parameters in these areas is
of great theoretical and practical importance.
A similar study was carried out in [9], where
approximate solutions of hydrodynamic parameters
were obtained under conditions of isothermal laminar movement on the transition of the inlet
section of flat and round cylindrical channels
providing satisfactory results. Under these conditions
studies were also carried out in three-dimensional
space by the method of numerical integration of the
Navier-Stokes equations [10] and the distributions of
velocities and pressure in the transition section of the
channel were determined. A comparative analysis of
the results obtained by various methods of numerical
integration was carried out [11]. Based on the
condition of the square distribution of velocities in
the area of boundary layer, the distributions of
velocities and pressures in the transition section of
the pipe were obtained [12].
A method has been developed [13] for cylindrical
channels of arbitrary shape which enables to
establish patterns of change in velocities and
pressures on the transition of the inlet section of
circular and flat channels. A comparative analysis
was carried out and practical conclusions were
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drawn. In [14] within the framework of a twodimensional space the regularities of the change in
velocities and pressures for the laminar movement of
a liquid are determined. Let us note that in all the
works mentioned above, the topics of study were the
transitions of the inlet sections of channels of
different cross-sections. In this case the results of the
studies carried out are unacceptable for other
transitional sections where due to a sudden change in
the geometric parameters of the channels, the
deformation of the areas of velocity occurs. For
turbulent flows of a two-phase fluid, the dependences
given in the work [15] can be used.
On the transition of sudden expanding of cross
section of round pipe (D/d = 4) in case of laminar
movement of viscous–plastic fluid the lines of
electrical current are established by numerical
equations, the changes of velocity and pressure along
the channel are determined. In the work [16]
expanded experimental studies were carried out in
the area of sudden expanding of hydraulic section.
Using magnetic-resonant tomographic method the
qualitative estimations of the degree of changeability
of the velocity were obtained. The qualitative
analysis of stated equations of Navier-Stokes has
been done in case of symmetric and asymmetric
expansion of cross section of the pipe and the
obtained non-linear system of differential equations
were determined by numerical integration [17]. The
results were compared with the experiments. On the
sites of sudden expansion of cross section great
experimental studies were carried out [18], [19]. The
experimental setting was set out for this purpose and
research was carried out in the areas of sudden
expanding in case of d/D=0,22;0,5;0,85. The studies
were carried out for Newtonian and non-Newtonian
fluids [20].
2. Conflict Setting
In the transitional sections of the movement of a
viscous fluid (inlet and outlet sections of the channel,
sudden expansion and contraction of the hydraulic
section etc.), a redistribution of the areas of velocity
occurs which leads to a change in the hydrodynamic
parameters of the fluid flow. The purpose of this
study is to identify the regularities of changes in
hydrodynamic parameters of a viscous fluid at any
point of the hydraulic section of the channel and to
develop a method for calculating energy losses.
3. Theoretical Background
In the work in the study of the transition of the
inlet section of a round pipe at free initial velocity
distributions for the laminar movement of a viscous
fluid was carried out. Under these conditions we
have asymmetric movement. In the inlet section of a
round pipe, the inflowing liquid has a random
1495
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distribution of velocity. When entering the pipe, the
velocity of the liquid vanishes and the diagram of
velocity deforms on the wall due to adhesion. A
boundary layer forms near the fixed wall where the
gradient of velocity becomes significant as a result
of which the friction forces also obtain big values.
The boundary layer gradually expands and
encompasses the entire hydraulic section. The main
factors for changing the hydrodynamic parameters of
the liquid flow are its viscosity in the transitional
section. This confirms the fact that the study of the
regularities of changes in the hydrodynamic
parameters in the transition areas has to be carried
out according to the basic equations of the boundary
layer.

Since viscosity forces mainly act in the boundary
layer omitting all negligible numbers in the NavierStokes equation, we obtain a system of equations of
boundary layer [3], [6]. Taking into account the
above-mentioned considerations, theoretical and
experimental studies of the transition of the inlet
section of a round and flat pipe have been carried
out.
4. Methodology
Let us consider the hydrodynamic processes
occurring on the sites of sudden expansion of
hydraulic section of flat pipe in case of laminar
movement of viscous fluid (Figure 1).

Figure 1. The scheme of sudden expanding of hydraulic section of flat pipe

As a result of sudden expansion of cross section of
flat pipe the deformation of the areas of velocity of
fluid movement occurs. The definition of
hydrodynamic parameters of the flow in the area of
redistribution of velocity in case of laminar
movement of viscous liquid is stated by the
methodology of the study of inlet section of cylinder
channels [7], [8]. The system of equations of
boundary layer in Cartesian coordinate system has
the following form [3], [5]:
𝑉

𝑉

𝜈
0.

,

(1)
(2)

For simplifying the equation (1) let us take
0,
omission from [2], [3], according to which 𝑉
we will get
𝑉

𝜈

.

𝑢

ℎ

𝑦 𝑑𝑦,

(4)

Here 𝑢 𝜑 𝑦 - function of distributing the
velocity of fluid inflowing into sudden expanding
area.
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𝑢

𝜈

,

(5)

0.

(6)

In case of following initial and boundary
conditions we have:
𝑉
0, 𝑉
0 in case𝑦 а𝑧 0,
𝜙 𝑦 in case𝑧 0, 𝑎 𝑦
𝑎,
𝑉
′
ℎ.
𝑉 → 𝑉 in case 𝑧 → ∞, ℎ 𝑦

(7)
(8)
(9)

Here V  - is the velocity of the movement of the
fluid on stabilized area determined by the following
formula

(3)

For integration of received non linear differential
equations we substitute the coefficient of the member
of average speed, i.e. we take that 𝑉
𝑢 , where
ℎ
𝜑
ℎ

Taking into account these omissions for
hydrodynamic parameters of the flow on transition of
sudden expansion of cross section of flat channel we
have the following system of equations:

′

𝜈

.

(10)

The solution of the equation (10) has the following
expression [2]:
ℎ

𝑉′
Where 𝑢

ℎ

1

𝑢

ℎ

𝑢

′
ℎ

1

ℎ

, (11)

- is the average

velocity of hydraulic section.
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pressure depends only on the coordinates of 𝑧, i.e.
𝑃 𝑃 𝑧 .
The solution for the equation (5) with boundary
conditions (7), (8), (9) is:

From the equation (5), (6) follows that in each
0. Consequently, the
fixed section of transition

∑

𝑉 𝑧, 𝑦

𝐶 𝑐𝑜𝑠

𝑒𝑥𝑝

,

ℎ

𝑦

ℎ.

(12)

𝛾 , for finding specific meanings. For
𝑡𝑔𝛾
determining the meanings of coefficients 𝐶 we use
boundary conditions (8). As a result, we get

The specific meanings of the tasks are determined
0
from boundary conditions: in case of 𝑦
ℎ, 𝑉
0 or
we will get the equation 𝑐𝑜𝑠
ℎ

𝜙 𝑦

1

⋅

∑∞ 𝐶 𝑐𝑜𝑠

1

,

𝑎

𝑦

𝑎.

(13)

Multiplying both parts of the equation (13) by
corresponding orthogonal functions
𝛷

𝛾

And by integrating in the interval
we get the meaning for coefficient 𝐶 :

0

𝑐𝑜𝑠
ℎ

𝐶

𝑦

(14)

ℎ,

𝜑 𝑦

1

𝑐𝑜𝑠

𝑐𝑜𝑠 𝛾 𝑑𝑦

(15)

Let us express the relation (15) in the form of
𝐶

𝐿

2𝑢 ℎ 𝑐𝑜𝑠 𝛾

(16)

Where
𝐿

𝑐𝑜𝑠

𝑐𝑜𝑠 𝛾

𝑑𝑦.

(17)

5. Results
The distribution of the pressure for studied part of
the pipe is determined by system of equations (5),
(12):



  2 u  2 

  2 z  3u 
1 P 
 y

  Ck  2k  0 k  cos  k   u0 cos  k  exp   k   02 .
 z k 1  h
h Re 
 h 
 h  Re  h


From the equation (18) it follows that in case of
𝑧 → ∞, the regularity of the change of the pressure
coincides with the regularity of the change in the
case of current laminar movement, i.e.

P0  P



→∞

ℎ

.

(18)

(19)

Integrating the equation (18) we get distribution of
the pressure along the length




  k2 z  3u0
 Re    k y  u0 h Re
cos
cos

exp
  Ck  u0 


 2 z.
k



h 
 k2
 h 
k 1
 h  Re  h



(20)

Let us note that from equation (20) it follows:
𝑃 if 𝑧 0.
The solutions are obtained for both boundary and
initial conditions. Let us study two private cases of
solving the tasks.

𝑃
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6. Discussion
Case I. Suppose that the velocity of fluid flowing
into suddenly expanding section in all parts of
hydraulic section is constant, consequently we have

𝐿

𝑢∗ 𝑐𝑜𝑠

𝑐𝑜𝑠 𝛾

Using the value 𝐿 from (21) in (16) and taking into
account that 𝑢
coefficients 𝐶 :

∗

ℎ

, we get the following for

𝐶

𝑠𝑖𝑛
𝑢̄

ℎ

∑∞

.

ℎ

𝑐𝑜𝑠 𝛾 𝑦̄

ℎ⋅

In Figure 2, Figure 3, Figure 4 the numerical
calculations are given for the cases 𝛼 0,3; 0,5; 0,7 ⋅
for sudden expansion of cross section of flat channel
in conditions of constant velocity of fluid inflowing
to expanded section. In Figure 2 the graph of velocity
in transition part is given, and in Figure 3 we have
their distribution along the transition part in case of
𝛼 0,7. In the Figure 4 we have the graph of

1. 𝒛̄

𝑑𝑦

2𝑢∗ 𝑎

𝑐𝑜𝑠 𝛾 .

(21)

Having the value for coefficients 𝐶 , we get
distribution of velocity on transition of sudden
expansion of cross section of flat channel in
dimensionless form:

(22)

Here dimensionless values are pointed in the form
,𝛼
, 𝑦̄
, 𝑧̄
.
of 𝑢̄
ℎ

𝜑 𝑟
𝑢∗ 𝑐𝑜𝑛𝑠𝑡,
𝑎 𝑦
а⋅
Let
us
distinguish the meaning of the integral 𝐿 for this
case:

𝟎, 𝟎𝟎𝟓; 2. 𝒛̄
5. 𝒛̄

𝑐𝑜𝑠 𝛾 𝑒𝑥𝑝

𝑓 𝑧

velocity

1

𝛾 𝑧̄

𝑦̄

.

(23)

in the parts of hydraulic

section 𝑦̄
0; 0,2; 0,4; 0,6; 0,8; 0,9 in case of
ℎ
𝛼 0,5. It follows from all the graphs that the
velocities having constant values are deformed and
redistribution of velocities occur along the transition.
In the end of transition, the regularity of changes of
velocities becomes parabolic.

𝟎, 𝟎𝟐; 3. 𝒛̄
𝟎, 𝟏; 6. 𝒛̄

𝟎, 𝟎𝟒; 4. 𝒛̄
𝟎, 𝟐;

𝟎, 𝟎𝟔;

Figure 2. Joint graph of velocity change on transitional section

Figure 3. Graphs of velocity change along the transitional section depending on the coordinates z and y
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1. 𝑦̄

0; 2. 𝑦̄

0,2; 3. 𝑦̄

0,4; 4. 𝑦̄

0,6; 5. 𝑦̄

Figure 4. Graphs of velocity change in the parts of hydraulic section 𝑦̄
area

From the given graphs we get the length of
transitional area 𝑧̄ 0,186 and taking into account
the condition that the velocity on the axis of flow in
case of 𝑦̄ 0 is equal to
0,99 we get the length
of transitional section.
∑∞

𝑠𝑖𝑛

1

𝑐𝑜𝑠

𝑐𝑜𝑠 𝛾

𝑑𝑦

𝑠𝑖𝑛 𝛼 𝛾

𝐶
𝑢̄

1

𝑦̄

𝛼𝛾 𝑐𝑜𝑠 𝛼 𝛾 .
∑∞

0; 0,4; 0,8; 0,9 along the length of transition

𝑐𝑜𝑠

(25)

𝑠𝑖𝑛 𝛼 𝛾

For the purpose of obtaining graphical figure of
regulation of the changes of velocity on transition
area of sudden expansion of cross section of flat
channel in case of parabolic distribution of fluid
velocity inflowing to suddenly expanded area, the

𝑒𝑥𝑝

1
, 𝑎 𝑦
ℎ
integral 𝐿 will be:

3𝑢 ℎ

Inserting the value of integral 𝐿 into the equation
(16) we will get the following for coefficient 𝐶 :

0,9.

Inserting the value of the coefficient 𝐶 from (22)
into the equation (20), we get the distribution of
pressure along the length of transition area of sudden
expanding of cross section of flat channel:

𝑢

Case II. Let us think that the distribution of
velocity of fluid on the area of sudden expansion is
parabolic. In this case we have: 𝜑 𝑦
⋅
𝐿

0,8; 6. 𝑦̄

𝑠𝑖𝑛 𝛼 𝛾

(24)

𝑎. Then the value of the

𝛼𝛾 𝑐𝑜𝑠 𝛾

2𝑢 ℎ 𝑐𝑜𝑠 𝛾 . (25)

Having the value of coefficient 𝐶 from the
equation (12), we will get the distribution of
velocities on transitional area of sudden expansion of
cross section of flat dimensionless channel:

𝛼𝛾 𝑐𝑜𝑠 𝛼 𝛾

𝑐𝑜𝑠 𝛾 𝑦̄

𝑐𝑜𝑠 𝛾

𝑒𝑥𝑝

𝛾 𝑧̄ .

(26)

numerical calculations for the cases 𝛼
0,3; 0,5; 0.7. are given. In Figure 5 the graph of
velocity is given and in Figure 6 we have their
distribution over transitional area in case of 𝛼 0,5.

1. z =0,005; 2. z =0,02; 3. z =0,04; 4. z =0,06; 5. z =0,08; 6. z =0,2.
Figure 5. Graph of change of velocity on transitional area
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𝑓 𝑧̄

In Fig. 7 the graphs of velocity

in the

parts of hydraulic section are given 𝑦̄
0; 0,2; 0,4; 0,6; 0,8; 0,9 when 𝛼 0,5. We see
from these that the velocity of the fluid inflowing to
suddenly expanding area from parabolic value

𝑢 2𝑢∗ 1
deforms and redistribution of
velocities along the transitional area occurs. In the
end of transitional area the distribution of velocities
becomes parabolic.

Figure 6. Graphs of changes of velocity along the length of transitional area depending on the
coordinates: 𝑧̄ and 𝑦̄

1.

𝑦̄

0; 2.𝒚̄

𝟎, 𝟐; 3.𝒚̄

𝟎, 𝟒; 4.𝒚̄

𝟎, 𝟔; 5.𝑦̄

Figure 7. The graph of velocity change in the parts of hydraulic section 𝑦̄
transitional area

(𝑦̄

We see from the graphs that if the flow on axis
0):
0,99, then the length of transitional

area is 𝑧̄
P0  P





1500

0.163. Inserting the values of the

0,8; 6.𝑦̄

0,9

0; 0,4; 0,8; 0,9. along the length of

coefficients 𝐶 from (25) related to (20), we will get
the regularity of distribution of pressure along the
transitional area:


  k2 z 
u0  3sin  k 3 cos  k   
 Re 
  k y  u0 h Re
u
cos
cos

exp







k



2
3 3
 2 k2    0
h 
 k2
 h 
k 1 sin  k    k
 h  Re  (27)





3u 0
z
h2
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7. Conclusions
The suggested method for calculating the
distribution of velocities in the transitional area of the
sudden expansion of hydraulic section of a flat
channel allows to obtain the distribution of velocities
and pressure along the length under general initial
and boundary conditions. From the obtained general
solutions, the profiles of deformation of the velocity
areas of the hydraulic section along the length of the
transition are calculated in case of constant and
parabolic distribution of the inflowing fluid to the
expanded section. The distributions of velocities and
pressure along the length of the transition section as
well as its length have been determined.
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