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Abstract – This is a conceptual approach to 

knowledge acquisition at technical universities. The 

emphasis is on the consistent possession of knowledge: 

the acquisition of new and preservation of the existing 

ones. At the same time, the grapho-geometric 

component in technical education is one of the most 

important elements of fundamental (general 

engineering) education. It is carried out at the initial 

stage in the process of studying technical disciplines 

included in the relevant curricula. Applied geometry 

plays an important role in this process, and it includes 

such directions as descriptive geometry, analytic 

geometry, engineering graphics, and computer 

graphics that provide spatial interpretation of 

geometric objects and display them on a plane. This 

combination of subjects studied significantly enriches 

the geometric development within student’s intellectual 

world.  

Keywords – grapho-geometric component, applied 

geometry, intellectual development, creative 

imagination, feature of second-order rotation surfaces. 

1. Introduction

The disciplines related to the direction “Applied 

Geometry” includes such sections as descriptive 

geometry, analytic geometry, and computer graphics 
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that implements visualization and processing of 

spatial objects using electronic computer technology. 

A wide range of proposed systems of solid-state 

modeling allows solving complex problems of 

geometric modeling of technical surfaces [1], [2]. 

In this regard, it should be noted, in the broadest 

sense, that today we are dealing with a student, and 

tomorrow it is an engineer, designer, researcher, or 

scientist. Accordingly, there are tasks arising from 

this, facing the developers of curricula forming a 

sequence of disciplines,  which include technical 

training of specialists, in particular, in the aviation 

industry [3]. The consistent mastery of fundamental 

knowledge such as descriptive geometry, analytic 

geometry, and engineering graphics, combined with a 

practical course in computer capabilities is obvious 

[4], [5]. As a result of the sequence of acquired 

knowledge during the curricula, the student comes to 

understand the physical meaning of their actions, 

which contributes to the acquisition of skills in 

designing aviation products already at the stage of 

general engineering training [6]. 

2. Сoncept of the Formation of the Grapho-

geometric Component in the Technical

Education  Within Higher Educational

Institutions

 When studying the discipline “Descriptive 

Geometry”, there are two clear main trends: 

1) Introducing general issues related to the

intellectualization of engineering education into

the method of presenting educational material,

such as:

 need for rigid structuring of general

knowledge, basic concepts, which, as it is

known, do not constitute a lot of simple

attributes, but have a logically justified internal

structure, held together by a body of

knowledge;

 introduction of abstract principles  regarding

formalization, translation into harmonious
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algebraic structures, necessary for the study of 

subsequent courses in academic disciplines; 

 selection of the most successful learning 

algorithms; 

 widespread use of the principles of didactics, 

i.e. analogies, in particular, its two varieties: 
 

o for solving specific problems;  

o for prediction. For example, if the object of 

analogy is a certain system of axioms, then 

the knowledge that may be theorems is 

valid in this system. 

2) Successful use of the content of visual geometry, 

effectively develop the spatial imagination 

among students, and it  has a brilliant 

embodiment in classical geometry [7], [8]. 
 

All this makes it possible to use adequate 

geometric modeling, which allows comparing spatial 

geometric images (originals) and their planar 

equivalents using the classical G. Monge scheme and 

the apparatus of perspective geometry [9]. Since the 

course of descriptive geometry contains very 

complex geometric configurations, it is advisable to 

study them from different points of view and with the 

use of various research methods and expositions [10]. 

For example, the following working scheme of 

actions can be proposed: visual image of an object  

its analytical description  corresponding analysis 

 planar model. 

Thus, unified system of geometric education, 

represented by the following cycles (in freshman 

classes) has to be in higher technical educational 

institutions: 
 

 descriptive geometry with elements of analytic 

geometry; 

 engineering graphics; 

 computer graphics; 

 geometric knowledge related to specialization in 

senior classes combined in constructive 

geometry. 
 

Their content includes a parallel study of linear 

geometric images (points, lines, planes, and their 

incidents), which is a linear descriptive geometry and 

more complex geometric figures that are already 

included in curved descriptive geometry. Particular 

attention is paid to the similarity and difference of 

the studied objects and their interpretations in the 

process of synthetic and analytical methods of 

research. 

Since the motivational foundations of training are 

not indifferent in the educational process, it is 

advisable to follow the principles of the functional 

purpose  comprising geometric figures in senior 

classes, which will lead to the second cycle of 

training: 
 

 higher engineering (specialized) geometry, based 

on the contents of the first cycle and including 

special geometric knowledge; 

 fundamentals of geometric modeling and 

theoretical research of special surfaces. 
 

It should be noted that the first semester of first-

year students is an extremely important stage in the 

development of knowledge. This is affected by the 

new specifics of studying at a university and its 

fundamental difference from school education. There 

is an increased possession of knowledge: acquisition 

of new and the preservation of existing ones. 

Knowledge is functional if it is involved in the 

process of productive thinking. This means that in 

the first half of the semester we need the most severe 

control over training, control in a wide variety of 

acceptable forms: systematic questioning, enhanced 

repetition of the previous material of the classes, 

verification of student’s individual work, etc. This 

circumstance, even spontaneously, will lead to a rigid 

structuring of the studied material and its deeper 

assimilation. It is advisable to note that from the 

scientific and philosophical point of view, in the 

learning process, two main points or two of its main 

principles come across naturally: principle of 

acquisition and accumulation of knowledge 

(information), i.e. principle of possession, and the 

next is the deepest path of knowledge. This is the 

acquisition of the initial knowledge necessary for the 

second stage of training, the stage of productive 

creative knowledge (for more deeply knowledge), 

talent for applying it to solve specific problems now 

and in the future, future process of continuous self-

education, i.e. necessary quality of the future 

specialist-intellectual. This "luxury" knowledge 

determines the position of a specialist in the future 

and his⁄her demand. It is advisable to note that the 

modern world is oversaturated with information; 

therefore academic and component selection should 

be made in all types of educational material 

presented [11]. 

As it was indicated, in the educational process in 

descriptive geometry that a special place is occupied 

by visual geometry and its methods, which have 

found brilliant embodiment in the classical methods 

of fine geometry (axonometric systems of different 

levels, their generalized theorems, Monge surfaces, 

etc.). 

This fact makes it possible to use adequate 

geometric modeling, which allows the comparison of 

spatial geometric images and their planar equivalents 

in the classical schemes by G. Monge and 

axonometry. 
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3. Representation Features of Geometric Images 

 

After considering the elements of the concept 

within general geometric education, it is advisable to 

go on to study the representation features of specific 

geometric images that contribute to the development 

of a creative intellectual aspect in the learning 

process: theory and practice of surface images, their 

features, and solving problems in incidents of various 

characters. 

In accordance with the general principle of 

descriptive geometry, a surface as a certain geometric 

image can be defined graphically and analytically. 

In the first case of metric certainty, the concept of 

a surface determinant F should be introduced: it is a 

set of independent geometric elements (conditions, 

parameters) that uniquely determine the surface in 

space. Naturally, methods for determining surfaces 

have their own specific features. For example, we 

can assume that a surface is a continuous two-

parameter (two-dimensional) set of points. Here, 

there is a natural connection with analytical geometry 

proposed in the 17th century by outstanding French 

scientist René Descartes, and leaning on a 

rectangular coordinate system. On the plane, these 

are two real numbers x and y: abscissa and ordinate. 

Using these coordinates, each point on the plane can 

be identified with a pair of real numbers x and y. This 

circumstance allows expressing geometric figures by 

algebraic equations and algebraic equations as 

geometric figures, which makes it possible to more 

clearly clarify (visualize) geometric and algebraic 

concepts and properties of figures, as well as the 

relations between them. 

Thus, geometric ideas become more abstract and, 

therefore, easily formulated.  Algebraic ideas become 

more lively, visual, and accessible to intuitive 

perception. This short comment makes it possible to 

more clearly and comprehensively consider various 

ways of describing surfaces. So, in full accordance 

with the Cartesian coordinate system on the surface, 

its own curvilinear system and its curvilinear 

coordinates (parameters) u, v are introduced. 

This naturally implies another definition of a 

surface: it is a continuous one-parameter (one-

dimensional) set of lines connected by a certain law 

of formation. However, analytical, graphical, and 

kinematic methods for determining (setting) surfaces 

are also widespread in design practice. 
 

4. Representation Features of Geometric Images 

 

We select a surface region with curved coordinates 

u,v applied to it. Now the current point Мi is 

determined by its radius vector ОМi. In accordance 

with the general theory of vector algebra, we obtain 

the following equality: 
 

Vector is the following:  
 

ОМi=ix(u,v)+jy(u,v)+kz(u,v),   (1) 
 

where the equalities are the following:  
 

x=x(u,v), y=y(u,v), z=z(u,v).  (2) 
 

We determine the spatial coordinates of the current 

point М on the surface Ф (Figure 1.), expressed in 

parametric form. 

 
 

 
 

Figure 1. Curved surface network 
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By excluding parameters u and v from the system 

(2) we can get the surface equation in the classic 

standard notation: 
 

z=f(x,y), or implicitly: F=(x,y,z)=0.  (3) 
 

Now the condition of membership (incidence) of a 

point М
о 

has the following form: F=(x0,y0,z0)=0. The 

surfaces specified in the analytical form have many 

structural representations depending on the properties 

of the function: 
 

F=(x,y,z).    (4) 

So, if the function F=(x,y,z) is polynomial of the 

degree “n”, then the surface Ф defined by it called an 

algorithmic surface of the order n. The order of such 

a surface is defined as: 
 

1) exponent of the defining polynomial; 

2) number of intersection points of an arbitrary line 

with the surface (including imaginary points), i.e. 

points with minimal coordinates; 

3) order of any plane curve on the surface under 

consideration. 
 

As for analytical methods for defining surfaces, it 

is necessary to show students the possibility of their 

adaptation for computer implementation, without 

which any modern design is unthinkable. An 

example of such a “computer-oriented” geometry is 

the receptor (voxel in English terminology) method 

of geometric modeling, which effectively solves 

geometric problems of a certain class [12], [13]. We 

consider it very important to show the possibility of 

transition from graphical methods of representing 

objects used at the stage of creative comprehension 

to analytical ones, which allow determining with 

high accuracy their necessary engineering and 

geometric characteristics (position of the center of 

mass, trajectories of processing tools, etc.). 

 

 

 

 

 

 

5. Graphic Method for Specifying Surfaces 
 

According to the general method of display in 

descriptive geometry, the graphic method for 

determining the surface using projection-related 

areas (compartments) of surfaces is also widely used. 

 

6. Technical (kinematic) Method for Specifying 

Surfaces 
 

This method is based entirely on the basic 

principles of kinematic motion. Moreover, the 

systematization is based on the continuous movement 

of two interconnected lines in space, where the first 

line is a generator, and the second one, along which 

the movement is made. It is a directrix. One family of 

lines defines the law of motion for others. This 

allows the nature of the generator to classify the 

surface. For example, if the generator is straight, then 

the surface Ф is ruled; if the generator is a circle, 

then the surface Ф is cyclic. In turn, the law of 

motion of the generator ensures the existence of 

surfaces of revolution, parallel transfer, or skewed 

surface Ф. 

A continuous set of generators and directrices on 

the surface defines a curvilinear coordination 

network (Gaussian coordinates), similar to the 

Cartesian system in the plane. Based on linear 

transformations of elementary surfaces, we can 

obtain more complex surfaces of various classes, 

which are widely used in engineering. Here is an 

example. The surface of rotation is formed by the 

rotation of a line (l) around a straight axis (i=z). Each 

point of the generator describes a circle р (parallel). 

All parallels are a one-parameter family of circles 

perpendicular to the common axis i=z. The axis of 

rotation is the geometric locus of the centers of all 

parallels. All parallels are similar (Figure 2.). Planes 

passing through the axis of the surface Ф cross it 

along the meridian (m), moreover, all meridians are 

congruent, and the meridian belonging to the frontal 

axial plane of the level is called the main one and 

represents the outline of the surface of revolution. 

 

 
 

Figure 2. General surface of revolution 
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There are the following main properties of the 

surface of revolution from the above reasoning: 
 

1) Any secant axial plane is a plane of symmetry of 

the surface of revolution Ф0. 

2) Generator can be formed only by a line from the 

surface, and it is having at least one common 

point with each parallel. 

3) Any planar section of a surface of revolution Ф 

is a curve, symmetric about the rectangular 

projection of the axis z to the plane of symmetry 

Г′o. 
 

Surface criterion Ф in space and on the epure 

consists in the possibility of a unique construction of 

the current point М on it. There is the visual scheme 

for solving this problem in the Figure 3. (a, b). 

     
a)       b) 

 

Figure 3. Incidence of surface points 
 

The scheme for obtaining the equation of the 

surface of revolution comprising the general form 

can be represented as follows (Figure 4.). 
 

 

 

 

 
 

Figure 4. Derivation of the surface equation 
 

If in the coordinate system Оxyz there is a meridian 

m of the future surface, its equation is the following: 

z=f(x). Meridian rotates in the system Оxyz and 

current point М took a position М′. Point coordinates 

М are (x,о,z), and ( x′,о′, z′) for М′  respectively 

(Figure 4.). 

Now 
 

ОМ1′=OM1= r =x= √        .  (5) 
 

Substituting the coordinate values into the equation 

of the initial meridian, we can write the equation of 

the desired surface Ф in the following form: 

z=f(√     ). This rule is valid for all surfaces of 

revolution of arbitrary and particular types. 

If there is a surface equation, we can model the 

section lines of this surface by planes of different 

positions. To solve this problem, we use the section 

method. One of the most interesting and widely used 

in various fields of technology is selected surface of 

a one-sheeted hyperboloid of revolution defined by 

the canonical equation: 
 

      

   
  

  

 

      (6) 
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Additional interesting properties of this surface can 

be obtained by the method of sections. So the plane 

Гi is parallel to the plane Оxy, and z=±h. The result is 

a one-parameter family of circles (parallels) (Figure 

5., Figure 6.). 

If z=±h, equations of all sections has the following 

form: a2(b2+h2)/b2 = x2+y, where 
 

x2+y2  = R2= a2(b2+h2)/b2.   (7) 

 
 

Figure 5. Sections of one-sheeted hyperboloid of revolution 

 

 
 

Figure 6. Surface visualization 
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Next, let the secant planes be parallel Оxy. Their 

equation is x=+l, where the intersection lines are 

determined in three different cases: y2/a2-z2/b2=(a2-

l2)/a2, under the following conditions: l2 > a2 ; l2 < a2 

; l2 = a2 (Figure 7. a, b). 

 
 

 
a)   b) 

 

Figure 7. (a, b). Sections of the surface of rotation 

 

Figure 8. shows a framework of rectilinear surface 

generators of one-sheeted hyperboloid of revolution. 

One more feature of this surface should be noted. 
 

 
 

Figure 8. Frame of rectilinear surface generators of a one-sheeted hyperboloid of revolution 
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There are two families of skew lines and a parallel 
of the smallest radius: neck (compression line or 
striction line of the surface: g1, g2) on it. Therefore, in 
the first case (l2 > a2), the secant planes cross the 
neck, and the surface, respectively, along the 
hyperbolas with the real axis Оy. Similarly in the 
second case (l2 < a2) we get a family of hyperbolas 
with a real axis Оz. However, while designing, the 
third case has found the greatest application, when 
the cross section is straight lines (l2 = a2). 

If l2 = a2; x= ± a, we get the following system of 
equations: 

 

{

 

 
 

 

 
   

 

 
 

 

 
   

    (8) 

 

The obtained equations determine two lines in 
space. Each of them in the process of rotation forms 
a family of lines, i.e. only two series of rectilinear 
generators (Figure 8.). As a visual application to 
these analytical calculations, an image of the surface 
is given in a visual form and on the Monge epure. 
 
7. Conclusion 
 

As a result, it should be noted that a consistent 
study including the visual and analytical 
characteristics of complex surfaces naturally 
contributes to a creative spatial imagination based on 
the theoretical foundations of applied surface 
geometry. Theoretical studies carried out in the 
article on the methods of surface images in the future 
will be a fundamental basis in the educational 
process in various sections of engineering graphics. 

There is the concept that includes the formation of 
grapho-geometric knowledge at freshman classes of 
higher technical educational institutions in the form 
of a single system, which is represented by the 
following cycles: 

 

 descriptive geometry with elements of analytic 
geometry; 

 engineering graphics; 

 computer graphics; 

 geometric knowledge related to specialization in 
senior classes combined in constructive 
geometry. 
 

There are examples of the representation features 
of specific geometric images that contribute to the 
development of a creative intellectual aspect in the 
learning process: theory and practice of surface 
images, their features, and solving problems in 
incidents of various characters. 

In accordance with the general principle of 
descriptive geometry, a surface as a certain geometric 
image can be defined graphically and analytically. 

The proposed concept was tested at Moscow 
Aviation Institute during the coursework of the 
discipline "Descriptive Geometry" in "Aircraft and 
Helicopter Engineering" and "Aircraft Engines" 
departments. 
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