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Abstract – In this paper we will look at the one 
system of ODE and analyze it. We aim to determine the 
points of equilibrium; examine their character and 
establish the existence of a bifurcation for the 
corresponding parameter value. A detailed analysis of 
local stability was performed for all values of the given 
parameter. For a certain value of the parameter, the 
existence of supercritical Hopf bifurcation of the 
observed system of differential equations has been 
proved. Also, the existence of a limit cycle that is 
always stable has been proved.  

Keywords – Equilibrium Point, Stability, Nullcline, 
Bifurcation. 

1. Introduction

We will study the system given in the form 

 
𝑥 𝑓 𝑥, 𝑦 ,
𝑦 𝑔 𝑥, 𝑦 .

              (1) 

Hopf bifurcation occurs when a periodic solution 
or boundary cycle, which surrounds the equilibrium 
point, appears or disappears with a change in 
parameter value.  
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The equilibrium point can in many ways lose 
stability when changing a parameter.  

The type of bifurcation can be determined 
analytically, but it is very complicated. However, 
using computers (numerical experiments), we 
determine the type of bifurcation much faster and 
easier.  

In the case where a stable limit cycle surrounds an 
unstable equilibrium point, Hopf’s bifurcation is 
called supercritical, and when an unstable limit cycle 
surrounds a stable equilibrium point, Hopf’s 
bifurcation is called subcritical. Supercritical and 
subcritical Hopf bifurcations were observed in [1].
We have much better insight into the behavior of 
Hopf bifurcation systems if we know the stability of 
the limit cycle, the amplitude, and the period of the 
periodic trajectory.  

The amplitude of the periodic trajectory behaves as 
|𝜇|, which is actually an approximation of the true 

value of the amplitude. In the case of differential 
equations with delay, the amplitude of the limit cycle 
can be analytically determined much more precisely 
[2]. 

Hopf bifurcation is also known as Poincare - 
Andronov - Hopf bifurcation. The very notion of 
Hopf bifurcation sounds complicated and abstract. 
However, this theory is applied to many real 
problems.  

It has its application in tests of various oscillations 
caused by wind gusts (which is of great importance 
in the field of construction), LCR oscillations in 
electric circuits, periodic creation of nerve impulses 
in the nervous system, as well as, for example, in 
epidemiological models which describe fluctuations 
in the number of patients with an infectious disease.  

We conclude that the range of application of this 
theory is quite broad. 

B. Sang observed Hopf bifurcation with the 
Genesio-Tesi system [3]. F.Wu and Y.Jiao have 
observed Hopf bifurcation in predator-prey model 
[4].

Hopf bifurcation occurs in many epidemiological 
models, both in normal and delayed ones. An 
analysis of one such model, using method of  
multiple scale, was observed in [5]. 
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2. A review of Some Literature 
 

The first works on this topic can be found in 
Ebergard Hopf: Abzweigung einer periodischen 
Lösung von einer stationären Lösung eines 
Differentialsystems, Berichten der Mathematisch-
Physischen Klasse der Sächsischen Akademie der 
Wissenschaften zu Leipzig XCIV, 1-22 (1942) [15]. 
The English translation of this work is given in The 
Hopf Bifurcation and Its Applications [16]. 
Following the time period  the following works 
appeared: A mathematical example displaying 
features of turbulence [17],  On some cases of 
periodic motions depending on parameters [18], On 
invariant surfaces and bifurcations of periodic 
solutions of ordinary differential equations [19], 
Theory of Oscillators [20], The Hamiltonian Hopf 
Bifurcation [21]. In addition to these scientific 
papers, which started and founded this theory, so far  
there are a very large number of papers and 
applications in various fields, such as [3], [4], [14], 
[22]. 
 
3. Dynamics of System 

 
In this work we will considers the following 

system of ODE 
 

𝑥 𝑦 1 𝑥 𝜇𝑥 𝜇 1 𝑥 ,
𝑦 𝑥 1 𝑥 .

  (2) 
 

For this model we will establish equilibrium 
points, and their character.  
Also, we will determinate values of parameter µ 
when system (1) have bifurcation. 

Lemma 1: System (2) have always two different 

equilibrium points A(0,0) and B(1, 1 2µ ). 

Proof: Equilibrium points are solutions of 
equations  

 

𝑦 1 𝑥 𝜇𝑥 𝜇 1 𝑥 0, 
𝑥 1 𝑥 0. 

 

By direct calculation we get points A and B. 
System (1) can be written in matrix form as  
 

𝒙
𝑦 1 𝑥 𝜇𝑥 𝜇 1 𝑥

𝑥 1 𝑥
. 

 

The Jacobian matrix of this map is given by  
 

𝐷 𝜇 2 1 𝜇 𝑥 𝑦 1 𝑥
1 2𝑥 0

 .     (3) 
 

For point A(0,0)  we have the Jacobina matrix    
 

𝐷 𝐴 𝜇 1
1 0

. 
 

Determinant and trace of this matrix is  
 

det 𝐷 𝐴 1, 𝑎𝑛𝑑 𝑡𝑟 𝐷 𝐴 𝜇. 

Since det 𝐷 𝐴 1 0, we will find   

𝑡𝑟 𝐷 𝐴 4 det 𝐷 𝐴 𝜇 4. 
 

Now we can see, that if  
 

𝜇 4 0 ⇔ 𝜇 ∈ ∞, 2 ∪ 2, ∞ ,  
 

Equilibrium point A(0,0) is node, furthermore, it is 
stable for 𝜇 ∈ ∞, 2  and unstable for 𝜇 ∈ 2, ∞ . 
If  𝜇 ∈ 2,2  and 𝜇 0  we have that ponit A(0,0) 
is focus, moreover it is stable for   𝜇 ∈ 2,0  and 
unstable for  𝜇 ∈ 0,2 .  For 𝜇 0  equilibrium point 
A(0,0) is center.  

The above consideration can be summarized in the 
following theorem [6]. 

 

Theorem 1: The equilibrium point A(0,0) is: 
 

a) real sink for 𝜇 ∈ ∞, 2 , 
b) spiral sink for 𝜇 ∈ 2,0 , 
c) center if 𝜇 0, 
d) spiral source for 𝜇 ∈ 0,2 , 
e) real source for 𝜇 ∈ 2, ∞). 
 

 We can also explore character of equilibrium point 

B(1, 1 2µ ).  For point B(1, 1 2µ )  we have 

the Jacobina matrix    
 

𝐷 𝐵 2

1 0
. 

 

Determinant of 𝐷 𝐵  is det 𝐷 𝐵 2 0.   
Eigenvalues are of different signs and the 

equilibrium point B(1, 1 2µ ) is saddle. 

Therefore, we have the following statement [7], [8]: 

Theorem 2: The equilibrium point B(1, 1 2µ ) 

is saddle point. 
 

 
 

 
 
 
 
 

 
 
 
 
 
 
 
 

 
 

Figure 1. Behavior of the solution for µ 0. 
 

1.0 0.5 0.5 1.0

1.0

0.5

0.5

1.0



TEM Journal. Volume 10, Issue 2, Pages 820‐824, ISSN 2217‐8309, DOI: 10.18421/TEM102‐40, May 2021. 

822                                                                                                              TEM Journal – Volume 10 / Number 2 / 2021. 

 
 

Figure 2. The nullclines of the solution for µ 0 
 

 
 

Figure 3. Behavior of the solution for µ 0.14 
 

 
 

   Figure 4. The nullclines of the solution for µ 0.14 
 

We can see that our system (2) has rich dynamics, 
and that the character of point A(0,0) changes as we 
stated in the Theorem 1, depending on the parameter 
µ. 

 From Figures 1 and 2 we see that depending on 
the starting point, the solutions of our system will 
tend to the solutions of the system (2) will tend to 
either point A(0,0). Looking at Figures 3 and 4 we 
see that the solutions will tend towards infinity 

∞, ∞  or ∞, ∞ . From the fact that the 
point character changes, we will examine if we have 
Hopf bifurcation for some parameter value µ  
or this purpose we will use the theory developed in  
[9],[10].  

If we compute eigenvalues of  𝐷 𝐴 , we get 
 

𝜆 ,
µ µ 4

2
. 

 

We can see that if 𝜇 4 0, the corresponding 
eigenvalues will be conjugated complex. Let the 
corresponding eigenvalues be given in the form 

 

𝜆 , 𝛼 𝜇 𝛽 𝜇 𝑖. 
 

 We can consider the situation when 𝜇 ∈ 2,2 , 
that is, when we have conjugated complex 
eigenvalues.  

It is possible to check if the following conditions 
are satisfied in Hopf’s bifurcation theorem for the 
value of µ 0  [11], [12], [13]: 

 

1. 𝛼 0 0, 𝛽 0 𝜔 0, 

2.  𝑠𝑔𝑛 𝜔 𝑠𝑔𝑛
 

 
0,0  for µ 0, 

3. 
 

 
𝑑 0,  for µ 0, 

4. 𝑎
𝜕3

𝜕𝑥3 0,0
𝜕3

𝜕𝑥𝜕𝑦2 0,0
𝜕3

𝜕𝑦3 0,0

𝜕2

𝜕𝑥𝜕𝑦
0,0

𝜕2

𝜕𝑥2 0,0
𝜕2

𝜕𝑦2 0,0

𝜕2

𝜕𝑥𝜕𝑦
0,0

𝜕2

𝜕𝑥2 0,0
𝜕2

𝜕𝑦2 0,0

𝜕2

𝜕𝑥2 0,0
𝜕2

𝜕𝑥2 0,0
𝜕2

𝜕𝑦2 0,0
𝜕2

𝜕𝑦2 0,0   for 

µ 0,  
5. 𝑎 0. 

 

Poincaré had his first suggestions about this 
theorem in a two-dimensional case around 1890, 
until concrete formulation and evidence came from 
Andronov and his associates circa 1930. In 1942, 
Hopf proved this theorem for the system finite 
dimensions. 
For our system (2) and point A(0,0) we have 

 

𝛼 𝜇
𝜇
2

, 𝛽 𝜇
4 µ

2
. 

 

By direct calculation we have that  
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𝑑
1
2

, 𝛽 0 1,  

𝜕 𝑔
𝜕 𝑥

0,0 1, 
 

so it's effective 𝜔 1 and 
 

𝑎
𝜇 1
8𝜔

𝜇 1
8

. 
 

We see that 𝑎 0 if  𝜇 1. 𝑎𝑑 0 for 𝜇 1 and  
𝑎𝑑 0 for when 𝜇 1, and the boundary cycle 
occurs for given the specified parameter 𝜇  values. 
So we conclude that all conditions for the existence 
of Hopf bifurcation are fulfilled.  
Theorem 3: If 0 𝜇 1, then  
 

a) there is a limit cycle which is always stable, 
b) Hopf bifurcation is supercritical. 
 

Proof:  
 

a) By Hopf bifurcation theorem the limit cycle 
occurs in cases where: 
 

 𝜇 0 if 𝑎𝑑 0; 
 𝜇 0 if 𝑎𝑑 0. 

 

Since 𝑎𝑑 0 for 𝜇 1 the second case is not 
possible. It remains that it is 𝑎𝑑 0 only for 
0 𝜇 1.  

We have that  𝑑 0 and therefore the 

equilibrium point A(0,0) is unstable [9]. Since the 
equilibrium point is unstable for given values, the 
limit cycle is stable  [9].  
b) Since in this case we have a stable limit cycle 

surrounding the unstable equilibrium point, by 
definition, we have supercritical Hopf 
bifurcation. 

 

 
 

      Figure 5. Occurrence of bifurcation for µ 0.1 
 

In Figure 5 we can see the limit cycles for a given 
value of the parameter 𝜇.  
 

 
 

Figure 6. Bifurcation diagram 
 

One way we can show the behavior of a dynamic 
system is via a bifurcation diagram in Figure 6. In the 
bifurcation diagram, we observe the relationship 
between the value of a parameter of an external 
excitation and the system response to that excitation.  

 
4. Conclusion 

 
Observation of Hopf bifurcation in 

multidimensional dynamical systems which depends 
on some parameter is not an easy task. Many 
contemporary scholars are still struggling to find the 
best and software best suited ways to get it solutions 
made, that is, to approximate the parameter 
corresponding to Hopf's point. 

In this study, we addressed the problem of 
stability of multidimensional one-parameter dynamic 
systems caused by the appearance of Hopf 
bifurcation. We have seen how this problem is 
formulated mathematically and what tools are used   
to solve it. We have been doing this whole process 
with the aim of identifying all the unknowns that 
occur in the occurrence of Hopf's bifurcation. The 
behavior of the system for some parameter values 
and the bifurcation diagram are given in the Figures: 
1, 2, 3, 4, 5 and 6. What could be explored in the 
future is the generalization of ODE systems 
themselves, when instead of some concrete 
expressions, we would consider functional 
expressions. Hopf bifurcation can also occur in BAM 
neural networks. BAM neural networks have 
practical application in storing paired patterns and 
have the ability to search for desired patterns in both 
directions, forward and backward. A BAM 
(Bidirectional Associative Memory) network can 
store multiple samples unlike other types of neural 
networks which have only one sample container or 
one memory sample. Global network stability is 
affected by a stable equilibrium point of the system 
that represents a single pattern for storage or sample 
memory. 
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